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Résumé
Ce ours présente une introdution à la théorie des systèmes nuléaires partant des hamps de
quarks et de gluons tels qu'ils sont dérits dans la hromodynamique quantique puis disutant
les propriétés des mésons π et des nuléons, les interations entre nuléons et la struture du
deuteron et des noyaux légers pour arriver à la desription des noyaux lourds. Cei montre
omment notre desription des systèmes nuléaires dépend des diérentes éhelles d'énergie et de
distane et des onepts de hamp eetif et de brisure de symétries.
Abstrat
An introdution to nulear theory is given starting from the quantum hromodynamis founda-
tions for quark and gluon elds, then disussing properties of pions and nuleons, interations
between nuleons, struture of the deuteron and light nulei, and nishing at the desription of
heavy nulei. It is shown how onepts of dierent energy and size sales and ideas related to
eetive elds and symmetry breaking, enter our desription of nulear systems.
1 INTRODUCTION
Modern nulear physis ontains a muh larger lass of subdomains than it did even only ten
years ago. The hange in the meaning of the name reets hanges in physiists' minds. It is
now widely reognized that there exist a unity in the way we pereive all physial systems for
whih the quantum hromodynamis (QCD) is a fundamental theory. This embraes the QCD
vauum, quarks and gluons, omposite partiles, like pions and nuleons, and nulei as aggregates
of nuleons.
Typial sales of energy and size range here from 1GeV to 1 keV, and from 0.1 fm to 10 fm, but
tools and methods that are used to desribe all these systems are very muh alike. In partiular,
in order to ope with diulties related to the ompliation of struture of these systems, one
has to invoke ideas of the eetive eld theory (EFT), whih separate our approah into several
stages of desription. Although links between these stages annot be attaked, at present, with
exat methods, at every one of them we an obtain suessful understanding of the physial
reality. Moreover, methods based on the onept of symmetry breaking are by now standard
throughout the domain.
Certainly, the nulear physis, in this larger sense, is far too broad a domain for a single
physiist, and we are fored to speialize in muh narrower subelds. However, it is essential
that we learn enough of the whole of it, in order to be able to ommuniate and understand one
another. These letures are prepared with suh a goal in mind.
Nulear physis in three letures might seem to be an impossible task, and of ourse it
is. There is no point in attempting a balaned or representative overview of neither fats nor
approahes. The hoies I made below are highly personal; I have tried to disuss things that
show similarities of dierent aspets of the eld, and a general philosophy of how we do the
business.
Of ourse, the main question is from where to start suh letures. The bakground that
students arry out from undergraduate and graduate ourses diers very muh from ountry to
ountry, and from university to university, and is often meagre. Even worse, students are often
told that they an understand physis without atually learning it. I know, learning is a painful
proess and intelligent human beings request being liberated from this pain  then they beome
not physiists but lawyers. In physis, in my opinion, there is no understanding without learning.
On the other hand, neither there is learning without teahing, so my rst task here is to teah
you things that you need to know to follow the ourse.
The rst part of the ourse (I alled it the rst four minutes) gives you an overview of elements
that are profusely used in the following. It is meant to give you the list of things, and referenes to
main textbooks, rather than real knowledge  eah minute here is usually taught one semester at
the university. However, there is no understanding of the miro-world without at least two basi
abilities: one has to know how to read a Lagrangian and one has to know how to use reation
and annihilation operators. This is the mother tongue, whih you have to learn as apprentie in
nulear physis.
2 QUANTUM FIELDS OF NUCLEAR SYSTEMS
2.1 Quantum Field Theory in Four Minutes
2.1.1 Minute No. 1, the Classial Mehanis
Classial systems [1℄ are desribed by dening two elements: 1
◦
 the set of lassial oordinates
qi, whih are supposed to give a omplete information about the state of the system, and 2
◦
 the
Lagrangian. The state depends on a parameter alled the lassial absolute time t, and hene,
oordinates qi(t) are funtions of time. The Lagrangian,
L = L(qi, q˙i, t) = T − U, (1)
is a funtion of oordinates qi, veloities q˙i, and time t. Aording to the mehanisti point of
view of the lassial mehanis, every system in our Universe, inluding the whole Universe, is
fully desribed by nding its oordinates and Lagrangian. For most systems the Lagrangian is
equal to a dierene of the kineti energy T , depending only on veloities, and the potential
energy U , depending only on oordinates [see the seond member of Eq. (1)℄.
One the system is dened as above, its properties an be derived from simple priniples.
The time evolution of the system an be found from the priniple of extremal ation I,
δI = δ
∫ t2
t1
dtL(qi, q˙i, t) = 0, (2)
whih gives the Euler-Lagrange equations,
d
dt
∂L
∂q˙i
− ∂L
∂qi
= 0. (3)
This leads to a set oupled dierential equations that an be, in priniple, solved one the initial
onditions qi(t=0) and q˙i(t=0) are known. One thus obtains the omplete past and future history
of the system qi(t). The rest is just a tehniality ;) of how to solve dierential equations. For
typial systems, the kineti energy is a quadrati funtion of veloities, for whih the Euler-
Lagrange equations are linear  and an be solved fairly easily.
Although we do not really need it in lassial mehanis, we shell also introdue the formu-
lation in terms of the Hamiltonian H . This gives us a bridge towards the quantum mehanis.
Namely, we dene the lassial momentum pi by
pi =
∂L
∂q˙i
, (4)
and we transform the Lagrangian into the Hamiltonian,
H(qi, pi, t) =
∑
i
piq˙i − L, (5)
as well as the Euler-Lagrange equations into the Hamilton equations,
∂H
∂pi
= q˙i,
∂H
∂qi
= −p˙i. (6)
2.1.2 Minute No. 2, the Quantum Mehanis
Quantum systems [2℄ are desribed by the wave funtion Ψ(qi, t) (omplex funtion of oordi-
nates qi and time t), and by the Hamilton operator Hˆ that an be obtained from the lassial
Hamiltonian by a proedure alled quantization. We dene operators that orrespond to eah
lassial objet, e.g., the lassial oordinates and momenta are quantized as,
qi −→ qˆi = qi, pi −→ pˆi = ∂
∂qi
. (7)
Then, the Hamilton operator is, more or less, obtained by inserting these operators into the
lassial Hamiltonian, i.e.,
H(qi, pi, t) −→ Hˆ(qˆi, pˆi, t). (8)
This is not an exat siene, beause the funtion of operators annot be uniquely dened for a
given funtion of variables; one has to also dene the order in whih the operators at. Well, in
fat the quantization provides us only with general rules on how to start the quantum mehanis
based on our knowledge of the lassial mehanis. One an also subsribe to the point of view
that we must axiomatially dene the quantum system by speifying its Hamilton operator. One
this is done, the time evolution of the system (of its wave funtion) is given by the Shrödinger
equation,
ih¯
∂
∂t
Ψ(qi, t) = Hˆ(qˆi, pˆi, t)Ψ(qi, t). (9)
This leads to a set oupled dierential equations that an be, in priniple, solved one the initial
onditions Ψ(qi, t=0) are known. One thus obtains the omplete past and future history of the
system Ψ(qi, t). The rest is just a tehniality ;) of how to solve dierential equations.
Quantum mehanis also adds a pivotal element to our understanding of how our world
works, namely, the probabilisti interpretation. In lassial mehanis, one our Euler-Lagrange
equations give us the set of oordinates qi at time t, the experiment performed at time t to nd
the system at point qi yields one possible answer: the system is there. In quantum mehanis,
the same experiment yields the answer that the system is within volume dV around qi with
probability |Ψ(qi, t)|2dV and the answer that it is not there, with probability 1 − |Ψ(qi, t)|2dV .
Hélas, it seems that the world is just like that, nothing is ertain any more. However, at least
the probabilities of obtaining given experimental answers an be rigorously alulated.
2.1.3 Minute No. 3, the Classial Field Theory
The lassial eld theory [3℄ desribes ertain physial systems as innite-dimensional lassial
objets whose states need as many lassial oordinates as there are points in the 3D spae.
Therefore, index i that two minutes ago was used to enumerate the lassial oordinates, now
hanges into the spae point r, and the oordinate itself  into the value of a ertain funtion
ψ(r), alled the eld, at point r,
i −→ r, qi −→ ψr ≡ ψ(r). (10)
Loal Lagrangian density L[ψ(r), ∂µψ(r)] denes the Lagrangian,
L =
∫
d3r L[ψ(r),∇ψ(r)], (11)
and the extremal-ation priniple (2) gives the same Euler-Lagrange equations, whih are now
alled eld equations. Sine the Lagrangian now depends on spatial derivatives of elds, the eld
equations are dierential equations both in time and spae. They an be, in priniple, solved
one the initial elds ψ(r, t=0) and spatial boundary onditions ψ(r ∈ border, t) are known.
One thus obtains the omplete past and future history of the system ψ(r, t). The rest is just a
tehniality ;) of how to solve dierential equations.
In the physial world, the lassial elds desribed above replae fores that at between
partiles. The whole Universe is thus omposed of (lassial) partiles and (lassial) elds.
Partiles are soures of elds, and elds exert fores on partiles. The novelty here is the notion
that a partile does not feel other partiles; it only feels the elds generated by other partiles.
The so-alled ation at a distane disappeared from the theory, and a hange of position of one
partile, inuenes other partiles only after the eld it generates propagates to the rest of the
world.
It is lear that the lassial eld theory is tailored to address the question of time propagation
of elds, and makes the full sense within the relativisti approah where all elds propagate with
one ommon and unhangeable veloity. Classial eletrodynamis and lassial gravity are
theories of this type. Relativisti invariane takes then the plae of a basi ingredient of the
theory, and, e.g., ation orresponding to Lagrangian (11) is manifestly relativistially invariant,
I =
∫
dt L[ψ(r), ψ˙(r)] =
∫
d4x L[ψ(x), ∂µψ(x)], (12)
beause the four-dimensional volume element d4x is relativistially invariant. Here we introdued
the standard four-vetor notation of xµ≡(t, r) and ∂µ≡∂/∂xµ.
2.1.4 Minute No. 4, the Quantum Field Theory
Quantum eld theory [4℄ performs quantization of lassial elds in a very muh the same way as
the quantum mehanis performs quantization of lassial oordinates. The eld wave funtion
now beomes a funtional Ψ[ψ(x)] of the eld ψ(x), and the quantum elds and the quantum
onjugate momenta are
ψˆ(x) = ψ(x) , ̂momentum = δ
δψ(x)
, (13)
where δ denotes the funtional derivative. The Shrödinger equation (9) now beomes the set
of innite number of dierential equations  a pretty ompliated thing. I somehow hesitate
to write that the rest is just a tehniality of how to solve it. In priniple, nothing speial has
happened. The same rules have been applied and an analogous, albeit muh more ompliated,
set of equations emerged. However, we are very, very far from even approahing a possibility
of exat solutions of this set. We are not at all going to embark on disussing these questions
here. Basi physial piture of the quantum eld theory an be very well disussed in terms of
its lassial ounterpart, and in terms of lassial-eld Lagrangian densities disussed during the
third minute above. It as amazing how muh an be said about properties of the miro-world
by just speifying what are the symmetries and the basi ouplings between the lassial elds.
Below we follow this way of presenting properties of strongly interating systems.
The new, qualitatively dierent, element introdued by the quantum eld theory is that
partiles now disappeared from our desription of the physial world  there are only elds.
One does not distinguish whih is the objet that exists and whih is the objet that transmits
fores. All elds have both these harateristis simultaneously; whih eld interats with whih,
and in whih way, is fully speied by the Lagrangian density.
2.2 Quantum Eletrodynamis (QED)
Classial [5℄ and quantum [6℄ eletrodynamis are probably the best established theories of our
world. They desribe interations between harged objets, where by the harge we mean the
traditional eletri harge. Quantum eletrodynamis (QED) allows to alulate eletrodynami
properties of partiles to an unbelievable preision, e.g., the magneti moment of the eletron,
alulated up to the eighth order of the perturbation theory [7℄, and the measured value [8℄,
µthe = 1.001 159 652 153 5(280)(12)
eh¯
2mc
, (14)
µexe = 1.001 159 652 188 4(43)
eh¯
2mc
, (15)
are in exellent agreement. Moreover, the error of the theoretial value omes mostly from the
unertainty in the measured value of the ne struture onstant α (the rst error), and less from
estimated higher-order eets (the seond error).
For an eletron oupled to the eletromagneti eld, the Lagrangian density, from whih
everything an be derived, reads
L = −1
4
FµνF
µν − ψ¯eγµ[∂µ + ieAµ]ψe −meψ¯eψe. (16)
It is expressed within the relativisti formalism that uses spae-time four-oordinates numbered
by indies µ, ν=0,1,2,3. Moreover, we assume that eah pair of repeated indies implies sum-
mation over them. Here and bellow we use the units dened by h¯ = c = 1, for whih the
elementary harge, e =
√
4πα, is a dimensionless quantity depending on the ne-struture on-
stant 1/α ≃ 137. (Note that the elementary harge e is positive, while the harge of the eletron
q=−e is negative.) In suh a unit system, the only unit left is the energy, so for example, the
momentum has the unit of energy, position and time  the unit of (energy)
−1
, and the Lagrangian
density [L]=(energy)4 (when L is integrated over the spae-time it gives the dimensionless ation
I).
The rst term in the QED Lagrangian density (16) desribes the free eletromagneti eld
dened by the four-potential Aµ≡(φ,A), ontaining the standard salar (Coulomb) potential φ
and vetor potential A. The eletromagneti eld tensor Fµν is dened as
Fµν = ∂µAν − ∂νAµ. (17)
The Euler-Lagrange equations orresponding to this term give the Maxwell equations in free
spae, i.e., all properties of eletromagneti waves.
The last term in (16) desribes the free eletron of mass me at rest. Its eld ψe has the
struture of the four-omponent Dira spinor, but traditionally we do not expliitly show in
Lagrangian densities the orresponding indies. The rst member of the middle term (the one
with ∂µ) desribes the kineti energy of the eletron, and together with the mass term, they
onstitute the Lagrangian density of a free eletron. The orresponding Euler-Lagrange equations
give the Dira equation, i.e., all plane-wave propagation of an eletron (and positron) in an
otherwise empty spae. The kineti term ontains the Dira 4×4 matries γµ dened by
γ0 = −i
(
0 1
1 0
)
, γ = −i
(
0 σ
−σ 0
)
, γ5 =
(
1 0
0 −1
)
, (18)
where the standard Pauli 2×2 matries σ read
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (19)
Finally, the seond member of the middle term in (16) desribes interation of the eletron
with the eletromagneti eld. On the one hand, when onsidered together with the free-eletron
Lagrangian it gives the Lorentz fore that ats on the eletromagneti four-urrent of the eletron,
Jµ = ieψ¯eγ
µψe. (20)
On the other hand, when onsidered together with the free-eletromagneti-eld Lagrangian, it
gives the soure terms in the Maxwell equations that orrespond to the same eletron urrent
Jµ. The struture of the middle term is ditated by the loal gauge invariane of the QED
Lagrangian density, i.e., invariane with respet to multiplying the eletron eld by a position-
dependent phase. Suh a loal gauge invariane is at the heart of onstruting the Lagrangian
densities for all quantum-eld theories appliable to the real world. We shall not disuss these
aspets during the present ourse.
Although we only verbally desribed the role of eah term in the QED Lagrangian density
(16), derivation and appliation of the Euler-Lagrange equations is a standard route. However
long, painful, and ompliated this route might be, it is a well-paved and marked way to get
physial answers. In pratie, it has already been followed way up, towards inredibly remote
summits.
2.3 Quantum Chromodynamis (QCD)
It is remarkable that quantum hromodynamis [9℄ that desribes all phenomena related to
strongly interating partiles, an be onstruted in full analogy to the QED. The only dierene
Figure 1: Fermion building bloks for eletroweak (left) and strong (right) interations. From
http://www.pepweb.org/.
is a more ompliated gauge group, SU(3) instead of U(1). The omplete QCD Lagrangian density
reads
L = −1
4
F αµνF
µν
α −
∑
n
ψ¯nγ
µ[∂µ − igAαµtα]ψn −
∑
n
mnψ¯nψn (21)
and it is omposed almost of the same elements as the QED Lagrangian density in Eq. (16).
The new objet is the set of eight SU(3) 3×3 matries tα, numbered by the gluon-olor index
α=1,. . . ,8. They fulll the SU(3) ommutation relations
[tβ , tγ] = iC
α
βγtα, (22)
where Cαβγ are the SU(3) algebra struture onstants [10℄. Again, every pair of gluon-olor indies
implies summation, e.g., over α in Eqs. (21) and (22).
Dira four-spinors ψn orrespond to quark elds. Compared to the eletron four-spinors ψe
disussed in Se. 2.2, they are riher in two aspets. First, eah of them appears in three variants,
red, blue, and green. These olors are numbered by the quark-olor index orresponding to the
dimensions 3×3 of the tα matries. Traditionally they are not expliitly shown in the Lagrangian
density (22), so we should, in fat, think about ψn as 12-omponent spinors. One should not be
onfused by the fat that there are three olors of quarks, and eight olors of gluons  in fat,
here the "visual" representation simply breaks down, and the olors of gluons have nothing to do
with red, blue, and green of quarks. In reality, quarks and gluons are numbered by the indies
of the orresponding SU(3) representations: three-dimensional spinor representation for quarks,
and eight-dimensional vetor representation for gluons.
Seond, there is not one, but six dierent quark elds, for n=1,. . . ,6. These are alled quark
avors, and are usually denoted by names: up, down, harm, strange, top, and bottom, see Fig.
1. For nulear struture physis, essential rle is played only by the up and down quarks that are
onstituents of neutrons and protons. So in most appliations of the QCD to nulear struture,
we an limit the QCD Lagrangian density to two avors only, n=1, 2.
Figure 2: Same as in Fig. (1) but for bosons. From http://www.pepweb.org/.
The rst term in the QCD Lagrangian density (21) desribes the free gluon elds dened by
eight four-potentials Aαµ. One an say that instead of one photon of the QED, that transmits the
eletromagneti interation, we have eight gluons that transmit the strong interation, see Fig.
2.
The gluon eld tensors F αµν are dened as
F αµν = ∂µA
α
ν − ∂νAαµ + CαβγAβµAγν . (23)
Here omes the really big dierene between the QED and QCD, namely, the gluon eld tensors
ontain the third term in Eq. (23). As a result, gluons interat with one another  we an say that
they are olor-harged, while the photon has no harge. It is easy to see that the third term in
Eq. (23) implies the harged gluons. Indeed, the Euler-Lagrange equations orresponding to the
free gluon elds do produe the soure terms when the Lagrangian density is varied with respet
to the gluon elds. (In QED, the free-photon-eld Lagrangian depends only on derivatives of the
photon elds, and not on the photon elds themselves.)
The last term in (21) desribes the six free quarks of masses mn at rest. This does not mean
that isolated quarks an exist in Nature, be aelerated, and have their masses measured by
their inertia with respet to aeleration. Eah free quark obeys the same Dira equation as
the eletron in QED. The Dira equation is given by the last term and the ∂µ-term in Eq. (21).
Quarks ouple to gluons through the olor urrents,
Jµα = −ig
∑
n
ψ¯nγ
µAαµtαψn. (24)
We are going to disuss this aspet a few paragraphs below; here we only note that all quarks
ouple to gluons with the same value of the olor harge g. We annot give any numerial value
to this parameter, beause it depends on energy through the mehanism alled renormalization,
that we shall not disuss in the present ourse.
Consequenes of the gluon harges are dramati. Namely, the fore arriers now exert the
same fore as the fore they transmit. Moreover, soures of the eletromagneti eld depend
on urrents (20) that involve a small parameter  the eletron harge, while gluons onstitute
soures of the olor eld without any small parameter. Gluons are not only olor-harged, but
they also produe very strong olor elds.
Let us now onsider empty spae. In a quantum eld theory, we annot just say that the
ground state of the empty spae is the state with no quanta  we have to solve the proper eld
equations, with proper boundary onditions, and determine what is the state of the eld. Suh
a state may or may not ontain quanta. In partiular, whenever the spae has a boundary, the
ground state of the eld does ontain quanta  this fat is alled the vauum polarization eet.
In QED, this is a very well known, and experimentally veried eet. For example, two
onduting parallel plates attrat eah other, even if they are not harged and plaed in otherwise
empty spae (this is alled the Casimir eet [11℄). One an understand this attration very
easily. Namely, the vauum utuations of the eletron eld may reate in an empty spae
virtual eletron-positron pairs. These harged partiles indue virtual polarization harges in the
onduting plates (it means virtual photons are reated, travel to plates, and reet from them).
Hene, the plates beome virtually harged, and attrat one another during a short time when
the existene of the virtual harges, and virtual photons, is allowed by the Heisenberg priniple.
All in all, a net attrative fore between plates appears.
In QED suh eets are extremely weak, beause the eletron has a small harge and a non-
zero rest mass. On the other hand, the QCD gluons are massless, and their strong interation is
not damped by a small parameter. As a result, the QCD vauum polarization eet is extremely
strong, and the empty spae is not empty at all  it must ontain a soup of spontaneously
appearing, interating, and disappearing gluons. Moreover, in the soup there also must be pairs
of virtual quark-antiquark pairs that are also olor-harged, and emit and absorb more virtual
gluons. It turns out that the QCD ground state of an "empty" spae is an extremely ompliated
objet. At present, we do not have any glimpse of a possibility to nd the vauum wave funtion
analytially. Some ideas of what happens are provided by the QCD lattie alulations, see
e.g. Ref. [12℄, in whih the gluon and quark elds are disretized on a four-dimensional lattie
of spae-time points, and the dierential eld equations are transformed into nite-dierene
equations solvable on a omputer.
An example of suh a result is shown in Fig. 3. It presents a frozen-frame image, however,
the solution is obtained in spae and time, and hene we know what happens at dierent times.
One movie is worth thousands photos, so interested students are invited to visit the WEB site
indiated in the Figure aption, to see the animation of the omplete result. Only then one
an appreiate the omplexity of appearing strutures, with blobs of olor harge onstantly
appearing, disappearing and moving around. The QCD vauum really resembles a soup of
boiling gluons and quarks.
It is now obvious that one annot expet other solutions of the QCD elds to be any simpler.
In partiular, solutions orresponding to isolated quarks simply do not exist. One an say that
an isolated quark would reate so many gluons around it that the omplete wave funtion had
not been normalizable. Solutions for quark-antiquark pairs, and for triples of quarks, do exist
(we do exist after all  the triples of quarks are nuleons our bodies are built of), but are even
more ompliated to obtain, even within the QCD lattie alulations. There is no hope, neither
there is any reason, to desribe omposite objets like mesons or nuleons diretly from quarks
and gluons. This is espeially true when we want to use these omposite objets to build the
next-generation omposite objets like nulei.
Here we arrive at the leading idea of our physial desription of the real world. Namely, a
physiist always begins by isolating the most important degrees of freedom to desribe a given
system at a given energy and/or size sale. These degrees of freedom must be ompatible with
the ones that govern objets at a ner level of desription, and must dene the degrees of freedom
useful at any oarser level of desription. However, it is neither useful, nor sensible, nor fruitful,
nor doable to overjump dierent levels. Why bother to derive the struture of a living ell
Figure 3: A snap-shot of the spae olor harge of the QCD vauum, alulated on a spae-
time lattie. From http://hermes.physis.adelaide.edu.au/theory/staff/leinweber/
VisualQCD/QCDvauum/welome.html.
from the unied QCD and eletroweak Lagrangian? There are at least seven levels in between:
nuleons are built of quarks, nulei of nuleons, atoms of nulei and eletrons, moleules of atoms,
amino aids of moleules, proteins of amino aids, and we did not arrive at a ell yet. Well, we
shall not embark here on the philosophy of siene; in the following we onentrate on desribing
how mesons and nuleons are built of quarks, and nulei of nuleons.
2.4 Chiral Symmetry and the Isospin
We now proeed with the program outlined at the end of the previous setion, namely, knowing
from experiment that mesons exist we begin by introduing the relevant degrees of freedom. We
also know that meson is a ompliated solution of the QCD quark and gluon elds that involve
a real quark-antiquark pair. However, without ever being able to nd this solution, let us try to
identify basi features of the meson that result from the underlying QCD struture.
Let us onentrate on a small piee of the QCD Lagrangian density (21), i.e., on the up and
down quark omponents of the middle term, i.e.,
Lχ = −u¯γµDµu− d¯γµDµd = −q¯γµDµq. (25)
The gluon elds and the olor SU(3) matries are not essential now, so we have hidden all that in
the SU(3) ovariant derivative: Dµ=∂µ−igAαµtα. On the other hand, we have expliitly indiated
the up and down quark elds, u and d, and moreover, we have ombined both elds into the
quark iso-spinor,
q =
(
u
d
)
. (26)
To be spei, q ontains 24 omponents, i.e., two quarks, eah in three olors, and eah built as
a four-omponent Dira spinor. However, the Dira and olor struture is again not essential, so
in the present setion we may think about q as two-omponent spinor. For a moment we have
also disregarded the quark mass terms  we reinsert them slightly below.
What is essential now are the symmetry properties of Lχ. This piee of the Lagrangian density
looks like a salar in the two-omponent eld q, i.e., it is manifestly invariant with respet to
unitary mixing of up and down quarks. We formalize this observation by introduing the isospin
Pauli matries,
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 −i
i 0
)
, τ3 =
(
1 0
0 −1
)
, (27)
and we introdue the unitary mixing of up and down quarks in the language of rotations in the
abstrat isospin spae. And yes, this is exatly the same iso-spae that we know very well from
nulear struture physis, where the upper and lower omponents are the neutron and proton.
We ome bak to that later.
What is slightly less obvious, but in fat trivial to anybody aquainted with the relativisti
Lorentz group, is the fat that Lχ is also invariant with respet to multiplying the quark elds by
the γ5 Dira matrix shown in Eq. (18). This property results immediately from the ommutation
properties of the γ matries (remember that q¯=q+γ0). So in fat, we have altogether six symmetry
generators of Lχ, namely,
~t = 1
2
~τ and ~x = γ5~t, (28)
where the arrows denote vetors in the iso-spae.
It is now easy to identify the symmetry group of Lχ. We introdue the left-handed ~tL and
right-handed
~tR generators,
~tL =
1
2
(1 + γ5)~t =
1
2
(~t+ ~x) and ~tR =
1
2
(1− γ5)~t = 12(~t− ~x). (29)
Sine (γ5)
2
=1, they fulll the following ommutation relations:
[tLi, tLj ] = iǫijktLk, [tRi, tRj ] = iǫijktRk, [tLi, tRj ] = 0, (30)
i.e.,
~tL generates the SU(2) group, ~tR generates another SU(2) group, and sine they ommute
with one another, the omplete symmetry group is SU(2)×SU(2). We all this group hiral.
This result is quite embarrassing, beause it is in a agrant disagreement with experiment.
On the one hand, we know very well that partiles appear in iso-multiplets. For example, there
are two nuleons, a neutron and a proton, that an be onsidered as upper and lower omponents
of an iso-spinor, and there are three pions, π+, π0, and π−, that an be grouped into an iso-vetor.
So there is no doubt that there is an isospin SU(2) symmetry in Nature, but, on the other hand,
what about the seond SU(2) group? In the Lorentz group, the γ5 Dira matrix hanges the
parity of the eld, so if γ5 was really a symmetry then partiles should appear in pairs of speies
having opposite parities. This is not so in our world. Nuleons have positive intrinsi parity, and
their negative-parity brothers or sisters are nowhere to be seen. Parity of pions is negative, and
again, the positive-parity mirror partiles do not exist any near the same mass.
So the Nature tells us that the SU(2)×SU(2) symmetry of the QCD Lagrangian must be
dynamially broken. It means that the Lagrangian has this symmetry, while the physial solutions
do not. We already learned that these physial solutions are very ompliated, and we are unable
to nd them and hek what are their symmetries. But we do not really need that  experiment
tells us that hiral symmetry must be broken, and hene, we an built theories that inorporate
this feature on a higher level of desription.
Before we onstrut a model in whih the dynamial symmetry breaking mehanism is ex-
pliitly built in (and before we show expliitly what suh a symmetry breaking really is), let us
rst reinsert the quark-mass terms into the disussed piee of the Lagrangian:
L′χ = −u¯γµDµu− d¯γµDµd−muu¯u−mdd¯d. (31)
By a simple alulation we an now easily show that neither of the two mass terms, nor any
linear ombination thereof, are invariant with respet to the hiral group SU(2)×SU(2). For
ertain, had the quark masses been equal, the two ombined mass terms would have onstituted
an isosalar (an invariant with respet to the isospin group), but even then they would not be
hiral salars (invariants with respet to the hiral group). So the non-zero quark masses break
the hiral symmetry. What are the values of these masses has to be taken from the experiment,
and indeed, neither the up and down quark masses are zero, nor they are equal to one another,
see Fig. 1. The hiral symmetry is therefore broken in two ways: (i) expliitly, by the presene of
a symmetry breaking term in the Lagrangian, and (ii) dynamially, as disussed above. Without
going into details, we just mention that the non-zero mass of the π mesons results from the
non-zero quark masses, see Ref. [4℄, hap. 19.3. For more quark avors taken into aount, the
dimensionality of the hiral group inreases, i.e., when three quarks u, d, and s are onsidered
the hiral group is SU(3)×SU(3).
That is about this far that we an move forward by using the QCD quark Lagrangian. We
have identied basi symmetry properties of the QCD solutions, and now we have to go to
the next level of desription, namely, onsider omposite objets built of quarks. This way of
proeeding is alled the eetive eld theory (EFT). We do not build elds of omposite objets
from the lower-level elds. Instead, we onsider the omposite objets to be elementary, and we
guess their properties from symmetry onsiderations of the lower-level elds; otherwise, it would
have been too diult a task. Before we arrive at suiently high energies, or small distanes, at
whih the internal struture of omposite objets beomes apparent, we an safely live without
knowing exatly how the omposite objets are onstruted.
2.5 Dynamial (Chiral) Symmetry Breaking
The present subsetion is loated within the setion on quantum elds, but in fat, we tell here
a muh more general story. Dynamial (or sometimes alled  spontaneous) symmetry breaking
is a leading theme of a multitude of quantum eets. The very simple model we onsider here
is a perfet illustration of what is meant by the dynamial symmetry breaking, and moreover it
expliitly illustrates the breaking of the hiral symmetry.
2.5.1 Non-Linear σ Model
The non-linear σ model [13, 14℄ is built to desribe pseudosalar mesons of whih we know that: 1◦
they exist, 2
◦
their salar partners don't, and 3
◦
they obey the hiral symmetry of SU(2)×SU(2).
The rst two fats are experimental ones, and the third one omes from the lower level (quark)
theory.
The SU(2)×SU(2) group is isomorphi to the O(4) group  the orthogonal group in four
dimensions [10℄. Therefore, the meson elds in question an be desribed by four real elds φn,
n=1,2,3,4, and all we need is a model for the Lagrangian density. The non-linear σ model makes
the following postulate:
Lσ = −12∂µφn∂µφn − 12M2φnφn − 14g(φnφn)2, (32)
φ1
φ2
V(φ)
Figure 4: Shape of the Mexian hat potential in two dimensions. (Piture ourtesy:
E.P.S. Shellard, DAMTP, Cambridge.) From http://www.geoities.om/CapeCanaveral/
2123/breaking.htm.
where all pairs of indies imply summations. Sine only lengths of vetors in the four-dimensional
O(4) spae appear in the Lagrangian density, it is expliitly invariant with respet to the hiral
group.
The potential energy depends only on the radial variable σ2=φnφn, i.e.,
V (φn) = V (σ) =
1
2
M2σ2 + 1
4
gσ4, (33)
but it does not depend on the orientation of φn in the four-dimensional spae. For g>0 and
M2<0 this potential, as funtion of σ, has a maximum at σ=0, and a minimum at
σ0 = |M|/√g. (34)
However, as a funtion of all the four omponents φn it is at in all diretions perpendiular to
the radial versor φn/σ. In two dimensions, suh a potential is alled the Mexian hat, see Fig.
4.
Let us now onsider the lassial ground state orresponding to Lagrangian density (32).
The lowest energy orresponds to partiles at rest, ∂µφn=0, and resting at a lowest point of
the potential energy (34). Now we have a problem  whih one of the lowest points to hoose,
beause any one suh that φ¯nφ¯n=σ
2
0 is as good as any other one. However, the lassial elds
φn at spae-time point xµ must have denite values, i.e., they spontaneously pik one of the
solutions φ¯n out of the innitely-many existing ones. One one of the solutions is piked, the
O(4) symmetry is broken, beause the ground-state eld is not any more invariant with respet
to all O(4) transformations. Using the graphial representation of the Mexian hat, Fig. 4, one
an say that the system rolls down from the top of the hat, and piks one of the points within
the brim.
It is now lear that elds φn do not onstitute the best variables to look at the problem,
beause the physis in the radial and transversal diretions is dierent. Before proeeding any
further, let us introdue variables σ and ~z that separately desribe these two diretions, namely,
~φ =
2~z
1 + ~z 2
σ for n = 1, 2, 3, and φ4 =
1− ~z 2
1 + ~z 2
σ. (35)
Inserting expressions (35) into (32) we obtain the Lagrangian density expressed by the new elds
~z and σ,
Lσ = −2σ2∂µ~z ◦ ∂
µ~z
(1 + ~z 2)2
− 1
2
∂µσ∂
µσ − 1
2
M2σ2 − 1
4
gσ4, (36)
where ◦ distinguishes the salar produt in the iso-spae from the salar produt in usual
spae, whih is denoted by ·. Apart from the multipliative fator σ2 in front of the rst
term, the Lagrangian density is now separated into two parts that depend on dierent variables.
Stiness in the σ diretion of the potential energy (33), alulated at the minimum σ0, equals
m2=d2V/dσ2=−2M2>0, and for large |M| is very large. Then, the eld σ is onned to values
very lose to σ0, and we an replae the pre-fator of the rst term in Eq. (36) by σ0. Within
this approximations, elds σ and ~z beome independent from one another, and an be treated
separately.
We disregard now the part of the Lagrangian density depending on σ. Indeed, the initial
potential (33) has been postulated without any deep reason, and a detailed form of it is, in fat,
totally unknown  it omes from the quark level that we did not at all solved. Any potential that
onnes the eld σ to values lose to σ0 is good enough. This eld must remain in its ground
state, beause any exitations of it would bring too muh energy into a meson, and again, meson's
internal struture remains unresolved.
2.5.2 Pion-Pion Lagrangian
The remaining elds ~z an be identied with the π mesons forming the pseudosalar isovetor
multiplet ~π = (π+, π0, π−),
~π = Fpi~z, (37)
where Fpi=2σ0 is a normalization onstant. The pion-pion Lagrangian density then equals
Lpipi = −2σ20
∂µ~z ◦ ∂µ~z
(1 + ~z 2)2
= −1
2
∂µ~π ◦ ∂µ~π
(1 + ~π 2/F 2pi )
2
= −F
2
pi
2
~Dµ ◦ ~Dµ, (38)
where we have dened the O(4) ovariant derivative
~Dµ =
∂µ~z
1 + ~z 2
. (39)
First of all we notie that Lagrangian density (38) ontains only one isovetor multiplet of
mesons  the parity-inversed hiral partners have disappeared. This is good. The mehanism
of the hiral symmetry breaking explains this experimental fat very well. In reality, the hiral
partners still exist, but they have been hidden in the σ eld and pushed up to high exitation
energies. They an only be revealed by exiting an (unknown) internal struture of the meson.
Seond, Lagrangian density (38) ontains no mass term (term proportional to ~z 2), so the
pions we have obtained are massless. This is no aident, but a demonstration of a very general
fat that for dynamially broken symmetry there must exist a massless boson. This fat is
alled the Goldstone theorem [15℄, and the partile is alled the Goldstone boson. It sounds very
sophistiated, but in fat it is a very simple observation. Even in lassial mehanis, if a partile
is put into the Mexian hat potential and treated within the small-vibration approximation,
one immediately obtains a zero-frequeny mode that orresponds to uniform motion around the
hat. The Goldstone boson is just that.
Third, we have derived the partiular dependene of the pion-pion Lagrangian (38) on the
derivatives of the pion eld. Every suh derivative must be ombined with the partiular de-
nominator to form the ovariant derivative
~Dµ (39). This guarantees the proper transformation
properties of the pion eld with respet to the hiral group. When we later proeed with on-
struting other Lagrangian densities of omposite partiles, we shall use suh a dependene on
the pion elds.
Experimental masses of pions are not equal to zero, so the obtained pion-pion Lagrangian
density is too simplisti. However, we an now reall that the quark mass terms do break the
hiral symmetry expliitly (see Se. 2.4). This orresponds to a slight tilt of the Mexian hat to
one side. (To whih side, is perfetly well dened by the O(4) struture of the quark mass terms
in Eq. (31)  but we shall not disuss that.) Suh a tilt reates a small urvature of the potential
along the valley within the hat's brim, and this urvature gives the pion-mass term −1
2
m2pi~π
2
in
the pion-pion Lagrangian density. So the non-zero quark masses result in a non-zero pion mass.
By the way, the dierene in masses of neutral and harged pions results from a oupling to
virtual photons  its origin is therefore in the QED, and not in the QCD.
It is amazing how muh an be dedued from onsiderations based on the idea of the dy-
namial symmetry breaking. Considering the ompliation of the problem, that is unavoidable
on the quark-gluon level, we have reahed important results at a very low ost. This happens
again and again in almost every branh of physis of the miro-world. Dynamial breaking of
the loal gauge symmetry gives masses to the eletroweak bosons Z0 and W±, and leaves the
photon massless. Dynamial breaking of the rotational symmetry in nulei reates the olletive
moment of inertia and rotational bands. Dynamial breaking of the partile-number symmetry
gives superonduting ondensates in nulei and in rystals. Dynamial breaking of the parity
symmetry in nulei and moleules gives olletive partner bands of opposite parities. Dynamial
breaking of the hiral symmetry (in a dierent sense, pertaining to the time-reversal symmetry)
has been suggested to explain pairs of nulear rotational bands having the same parity. The
story just does not end. Dynamial symmetry breaking rules the world.
2.5.3 Nuleon-Pion Lagrangian
We are now ready to onsider another set of omposite partiles, the nuleons. We know that
there are two nuleons in Nature, of almost equal mass, the neutron and the proton, so they an
be ombined into the iso-spinor
N =
(
p
n
)
, (40)
where p and n are the Dira four-spinors of spin 1/2 partiles. We have already attributed the
isospin projetions to quarks, Eq. (26), by plaing within the quark iso-spinor the quark up up
and the quark down down (sounds logial?). Sine the proton is made of the (uud) quarks,
and the neutron of the (udd) quarks, their isospin projetions are therefore determined as in
Eq. (40). In nulear struture physis one usually uses the opposite onvention, attributing the
isospin projetion t3=+
1
2
to a neutron, in order to make most nulei to have positive total isospin
projetions T3>0. All this is a matter of onvention; one ould as well put the quark up down
and the quark down up  the physis does not depend on that.
Anyhow, the nuleons ontain not only the three (valene) quarks, but also plenty of gluons,
and plenty of virtual quark pairs, and we are unable to nd what exatly this state is. Therefore,
here we follow the general strategy of attributing elementary elds to omposite partiles. Before
we arrive at suiently high energies, or small distanes, at whih the internal struture of om-
posite objets beomes apparent, we an safely live without knowing exatly how the omposite
objets are onstruted.
As usual, having dened elementary elds of partiles that we want to desribe, we also have
to postulate the orresponding Lagrangian density. And as usual, we do that by writing a loal
funtion of elds that is invariant with respet to all onserved symmetries. When we have the
nuleon and pion elds at our disposal, and we want to onstrut the Lorentz and hiral invariant
Lagrangian density, the answer is:
LNpi = −N¯
(
γµ∂µ + gφ
[
φ4 + 2iγ5~t ◦ ~φ
])
N. (41)
If you are not tired of this game of guessing the right Lagrangian densities, you may wonder
why the meson elds (within the square brakets) appear in this partiular form. To really see
this, we have to reall more detailed properties of the hiral group SU(2)×SU(2). Its generators
~t and ~x in the spinor representation are given by Eq. (28), however, when more than one quark
is present, we have to use the analogous generators
~T and ~X that are sums of ~t's and ~x's for all
quarks. In partiular, the meson elds φn belong to the vetor representation of SU(2)×SU(2).
Then, aording to identiation (35) and (37), the rst three omponents
~φ form the isovetor
pion eld, and the fourth omponent φ4 is an isosalar. This xes the transformation properties
of φn with respet to the iso-rotations, given by innitesimal transformation −i~θ ◦ ~T . Sine these
rotations have idential form as the real rotations in our three-dimensional spae, we do not show
them expliitly. On the other hand, the transformation properties of φn with respet to the hiral
rotations, given by innitesimal transformation −i~ǫ ◦ ~X, are
~φ −→ ~φ+ ~ǫφ4 and φ4 −→ φ4 −~ǫ ◦ ~φ. (42)
There is no magi in this expression  one only has to properly identify generators of the O(4)
group with generators
~T and ~X. This is unique, one we x whih omponents (1,2,3 in our ase)
transform under the ation of
~T . Under the hiral rotation about the same angle ~ǫ, the nuleon
elds transform by innitesimal transformation −i~ǫ ◦ ~x, within the spinor representation of Eq.
(28), i.e.,
N −→ N − iγ5~ǫ ◦ ~tN and N¯ −→ N¯ − N¯ iγ5~ǫ ◦ ~t. (43)
It is now a matter of a simple algebra to verify that Lagrangian density (41) remains invariant
under hiral rotations of elds (42) and (43). Note that the rst term in Eq. (41) is separately
hiral invariant, so we ould multiply the seond term by an arbitrary onstant gφ.
We an now proeed with the transformation to better variables σ and ~z, given by Eq. (35),
whih gives,
LNpi = −N˜
(
γµ∂µ + gφσ + 2i~t ◦ (~z×◦ γµ ~Dµ) + 2igAγ5~t ◦ γµ ~Dµ
)
N˜, (44)
where ×◦ denotes vetor produt in the iso-spae. Covariant derivatives of pion elds ~Dµ are
dened as in Eq. (39), and the hiral-rotated nuleon eld N˜ is dened as
N˜ =
(1 + 2iγ5~t ◦ ~z)N√
1 + ~z 2
. (45)
There are several fantasti results obtained here. First of all, the nuleon mass term −mN N˜N˜
appears out of nowhere, and the nuleon mass,
mN = gφσ0, (46)
is given by the hiral-symmetry-breaking value σ0 of the σ eld. In priniple, we ould begin
by inluding the nuleon mass term already in the initial Lagrangian density (41). This is not
neessary  the nuleon mass results from the same hiral-symmetry-breaking mehanism that
pushes salar mesons up to high energies. Seond, the third term in Eq. (44) gives the oupling
of nuleons to mesons, and in the potential approximation it yields the long-distane, low-energy
tail of the nuleon-nuleon interation, i.e., the one-pion-exhange (OPE) Yukawa potential [16℄.
Derivation of this potential from Lagrangian density (44) requires some ueny in the methods
of quantum eld theory, so we do not reprodue it here. Sue to say, that the OPE potential
appears as naturally from exhanging pions, as the Coulomb potential appears from exhanging
photons via the eletron-photon oupling term in Eq. (16). Last but not least, the last term in
Eq. (44) gives the axial-vetor urrent that denes the weak oupling of nuleons to eletrons and
neutrinos. From where phenomena like the β deay an be derived. [This term is an independent
hiral invariant, so again we ould put a separate oupling onstant there; experiment gives
gA=1.257(3).℄
3 FEW-NUCLEON SYSTEMS
In the previous setion we have obtained Lagrangian densities that desribe omposite partiles
like pions (38) or nuleons (44). These partiles are built of the u and d valene quarks as well
as of virtual gluons and quark-antiquark pairs. In fat, we an say that the virtual onstituents
provide for binding of the valene onstituents, and most of the rest mass of omposite partiles
omes from the binding by virtual onstituents. Indeed, the rest masses of pions, mpi0 ≃ 135MeV
andmpi± ≃ 140MeV, and nuleons, mp≃ 938MeV andmn≃ 940MeV, are muh, muh larger than
those of quarks, mu≃ 3MeV and md≃ 6MeV. Moreover, the famous onnement eet prevents
the valene quarks from being separated one from another, unless a real quark-antiquark pair is
reated from the vauum, and two separate omposite partiles appear.
It is amazing that strong interations only yield a strong binding for objets that annot
be broken apart at all. One these omposite partiles are built, strong interations beome
almost ompletely saturated, and what remains of them, when looked upon from the outside of
omposite partiles, is in fat a relatively weak fore.
Let us illustrate this weakness of the strong fore by several examples. First of all, the
only bound binary system of nuleons, i.e., the deuteron n-p, has the binding energy of only
BD=2.224575(9)MeV. This is really a small number as ompared to, e.g., either the nuleon rest
masses, or the QCD oupling onstant. The deuteron is barely bound, and moreover, neither
the di-neutron (n-n), nor the di-proton (p-p) is a bound objet. The n-p sattering ampli-
tude has a pole (orresponding to the deuteron bound state) at the relative momentum of only
k=i
√
mNBD≃ 45iMeV (the pole appears on the imaginary axis). The orresponding sattering
length is fairly large, a=5.424(3) fm, and ertainly muh larger than the size of the deuteron,
RD=1.953(3) fm. The range of the nuleon-nuleon (NN) interation, as given by the OPE po-
tential, orresponds to the inverse of the pion mass 1/mpi, and equals to about 1.4 fm [note that
in the units h¯ = c = 1 we have 1 fm≃ (197MeV)−1℄.
The above sattering harateristis pertain to the
3
S1 hannel, i.e., to a sattering with the
total spin of S=1, the total orbital angular momentum of L=0, the total angular momentum of
J=1, and the total isospin of T=0. In the 1S0 hannel (S=0, L=0, J=0, and T=1) the deuteron
is unbound, the sattering amplitude has a pole at k≃−8iMeV (on the negative imaginary axis
 orresponding to the so-alled virtual, or quasibound state), and the sattering length is very
large negative, a=−23.749(8) fm. The n-n and p-p sattering lengths (in the 1S0 hannel) are also
very large negative, a=−18.5(4) fm and a=−7.806(3) fm, respetively. Finally, the multi-nuleon
bound objets (i.e., the atomi nulei) are also very weakly bound, with the binding energy per
nuleon of only B/A≃ 8MeV.
These weak bindings have very important onsequenes for the physis of nulear systems,
namely, in these systems, the average kineti energies are large positive, and the average potential
(interation) energies are large negative. The resulting total energies are therefore muh smaller
than either the kineti or the potential omponent. As a result, one an neither treat the
interation as a small perturbation on top of the (almost) free motion of onstituents, nor treat
the relative kineti energy as a small perturbation on top of a tightly bound, frozen system.
3.1 Nuleon-Nuleon Interation
Let us disuss in some more detail the interation between nuleons. In the past there has
been a tremendous experimental eort devoted to sattering protons on protons and neutrons on
protons. Sine the neutron target is not available, the neutron-neutron sattering was inferred
mostly from the sattering of protons on deuterons. All this eort lead to a large database
of ross-setions and phase shifts that provide the most extensive information on the binary
interations on nuleons. There have also been numerous attempts to model the interation
between nuleons by dierent kinds of potentials. Here we limit the disussion to the Argonne
v18 potential [17℄, and refer the reader to this paper for referenes to other existing approahes.
The Argonne v18 NN interation onsists of the eletromagneti V
EM
, one-pion-exhange
V pi(NN), and intermediate and short-range phenomenologial V R(NN) parts, i.e.,
V (NN) = V EM(NN) + V pi(NN) + V R(NN). (47)
The eletromagneti part ontains not only the standard Coulomb interation between protons,
but also various other terms like the two-photon Coulomb terms, vauum polarization terms,
and magneti-moment interations. The OPE potential results diretly from the nuleon-pion
Lagrangian disussed in Se. 2.5.3, and has the following expliit form (here shown for the p-p
interation):
V pi(pp) = f 2pp
1
3
mpi [Y (r)σi · σj + T (r)Sij] , (48)
where
Y (r) =
e−mpir
r
(
1− e−cr2
)
, (49)
T (r) =
(
1 +
3
mpir
+
3
(mpir)2
)
e−mpir
r
(
1− e−cr2
)2
, (50)
and Sij=3(σi · r)(σj · r)/r2−σi ·σj is the tensor operator whih depends on the Pauli matries
of the ith and jth interating partiles. The standard OPE terms have been supplemented with
the ut-o fators (1− e−cr2) that kill these terms at distanes smaller than rc=1/
√
c, i.e., below
rc=0.69 fm for the used value of c=1.21 fm
−2
. There, the remaining terms ome into play:
V R = V  + V l2L2 + V tS12 + V
lsL · S + V ls2(L · S)2, (51)
where the i=, l2, t, ls, and ls2 terms read
V i(r) = I iT 2(r) +
[
P i +Qimpir +R
i(mpir)
2
] (
1 + e(r−r0)/a
)−1
, (52)
and I i, P i, Qi, and Ri are parameters tted to the sattering data. These terms are ut o at
large distanes, i.e., above r0=0.5 fm, with the transition region of the width of a=0.2 fm.
The Argonne v18 potential adopts the point of view that at large distanes the NN interation
is governed by the OPE eets, while the short-range part is treated fully phenomenologially.
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Figure 5: The
1
S0-hannel n-n potential in megaeletronovolts (MeV), as funtion of the distane
in femtometers (fm) (inner axes) ompared with the O2-O2 moleular potential in millieletrono-
volts (meV), as funtion of the distane in nanometers (nm) (outer axes).
In this respet, there is a perfet analogy between the strong fore ating between nuleons,
as modelled by Argonne v18, and the eletromagneti fore ating between neutral non-polar
moleules, modelled by the Lennard-Jones potential.
Nuleons are olorless objets, i.e., when looked upon from the outside; no net olor harge is
visible. The same is true for neutral non-polar moleules that ontain equal amounts of positive
and negative eletromagneti harges distributed with no net shift, and hene they have no net
harge or dipole moment. However, when two moleules approah one another, the harges
beome polarized, and eah moleule aquires a non-zero dipole moment. Then the leading-order
interation energy between moleules equals V (r)=−2E(r) · d(r), where E(r) is the average
eletri eld felt by one of the moleules when the seond one is loated at r, and d(r) is its dipole
moment. Assuming that the indued dipole moment d(r) depends linearly on the eletri eld,
and knowing that the eletri eld reated by a dipole dereases as 1/r3, we obtain immediately
that V (r)∼−1/r6, whih gives the well-known Van der Waals potential. At intermediate and
small distanes, polarization eets beome stronger, and higher indued multipole moments
begin to be ative, however, we an model these eets by a phenomenologial term that is equal
to the square of the Van der Waals term. Together, one obtains the Lennard-Jones potential,
V
LJ
(r) = 4Ep,0
[(
σ
r
)12
−
(
σ
r
)6]
, (53)
where Ep,0 and σ are parameters tted to data.
In Fig. 5 we show a omparison of the n-n Argonne v18 potential in the
1
S0 hannel, with
the Lennard-Jones potential between two O2 moleules (Ep,0=10meV and σ=0.358 nm). The
Argonne v18 potential has been alulated by using the av18pw.f FORTRAN subroutine [17℄,
available at http://www.phy.anl.gov/theory/researh/av18/av18pot.f. Both potentials are
drawn in the same Figure with two absissas (the lower one for O2-O2, the upper one for n-n)
and two ordinates (the left one for O2-O2, the right one for n-n). Sales an the absissas were
xed so as to put the minima of potentials at the same point, and dier by a fator of about
0.5×106, while sales on the ordinates dier by the fator of 1010.
Despite the tremendous dierenes in sales, both potentials are qualitatively very similar.
Amazingly, it is the eletromagneti moleule-moleule potential that it stier at the minimum
than the neutron-neutron strong potential. In this respet, it is fully justied to put the word
strong into quotation marks  this potential is not strong at all! Both potentials exhibit a very
strong repulsion at short distanes  the so-alled hard ore (the O2-O2 repulsion is stronger!).
At large distanes, there appears a weak attration (the n-n attration vanishes more slowly 
despite the exponential form of the OPE potential). Neither of the potentials is strong enough
to bind the onstituents into a omposite objet.
The analogy between the strong NN fore and the eletromagneti moleule-moleule fore
is extremely instrutive. First of all, we an demystify the OPE potential in the sense that
the exhange of real partiles (pions) is, in fat, not its essential element. The OPE potential
is a remnant of our tool (quantum eld theory) that we used to derive it, but on a deeper
level it is an eet of the olor fore between olor-polarized omposite partiles. After all,
nobody wants to interpret the dipole-dipole inter-moleular O2-O2 fore by an exhange of a
partile. This fore an be understood in terms of a more fundamental interation  the
Coulomb fore. Seond, although the asymptoti, large-distane, leading-order behaviour of
both potentials an fairly easily be derived, at intermediate and small distanes the interation
beomes very ompliated. This is not a reetion of ompliations on the level of fundamental
fores (olor or eletromagneti), but a reetion of the ompliated polarization eets that take
plae when omposite objets are put lose to one another. Moreover, these polarization eets
have per se quantum harater, beause the fermioni onstituents do not like being put lose to
one another  the Pauli exlusion priniple reates additional polarization and repulsion eets.
And third, it is obvious that at small distanes there must appear eets that are of a three-body
harater. Namely, when three O2 moleules approah eah other (e.g., in liquid oxygen), the
basi assumption that they polarize one another only in pairs does not hold. There are ertainly
polarization eets that depend on expliit positions of the three of them. Similarly, when three
nuleons approah eah other within the nuleus, their quark-gluon magma beomes polarized in
a fairly ompliated way, whih on the level of potential energy (total-interation energy) reveals
additional terms depending on the three positions simultaneously; this gives the three-body NNN
fore.
3.2 The Deuteron, and more about the Dynamial Symmetry Breaking
Having dened the two-body fore that ats between the nuleons, we an relatively easily nd
the ground-state wave funtion of the deuteron, and alulate all its properties. In doing so
one annot forget that for S=1 states, the tensor terms in the interation an mix interation
hannels, i.e., for any angular momentum J>0, states with L=J±1 are mixed if their parity
equals π=−(−1)J . These onditions are fullled for the Jpi=1+ deuteron ground state, and
hene interations hannels
3
S1 and
3
D1 ontribute to the deuteron ground-state wave funtion.
The solution orresponding to the Argonne v18 interation is illustrated in Fig. 6, where
surfaes of equal density are shown for the MJ=0 and 1 magneti substates of the J=1 deuteron
ground state. Interested students are invited to visit the WEB site indiated in the Figure
aption, to see the animation that shows similar surfaes at other densities. The surfaes are
here shown by stripes that allow seeing the other side of the deuteron. The olors are used only to
enhane the three-dimensional rendition of the image, and have no other meaning. In partiular,
the fat that the front piee of the left part in Fig. 6 is red, and the rear piee is blue, does
Figure 6: Shapes of the deuteron in the laboratory referene frame. Stripes show surfaes of
equal density for the MJ=1 (left) andMJ=0 (right) magneti substates of the J=1 ground state.
From http://www.phy.anl.gov/theory/movie-run.html.
not mean that the neutron is represented in red and the proton in blue, nor that it has been
rendered the other way around. In reality, the laboratory-frame wave funtion has T=0, i.e, it is
an antisymmetrized ombination of produts of the neutron and proton wave funtions.
This brings us to a very important point pertaining to the dynamial (or spontaneous) sym-
metry breaking mehanism disussed already in Se. 2.5. Suppose that you are onfronted with
a request: S'il vous plaît. . . dessine-moi un deuton! (see Ref. [18℄ for an analogous example).
Without any deep information about the interation, you would draw to points (or spheres, if
you know something about quantum mehanis), some distane apart, and mark one of them
with a p and the other one with an n. And this is what the deuteron really looks like in the
so-alled intrinsi referene frame.
One should not attribute too muh importane to the desriptions laboratory frame and
intrinsi frame. Below we shall use this names at will, but let us rather treat them as proper
names desribing two dierent ways of onstruting the wave funtions, and not as mathemati-
ally sound representations of the same wave funtion in two dierent referene frames.
The intrinsi wave funtion of the deuteron breaks the rotational symmetry, and breaks the
isospin symmetry, i.e., a rotation in the real spae, and a rotation in the iso-spae, gives another
wave funtion. In a more mathematial language, suh a wave funtion does not belong to any
single representation of the rotational and isospin symmetry groups. You should not be onfused
by the fat that the laboratory-frame J=1 wave funtion has three magneti omponents (two of
them are illustrated in Fig. 6), and hene none of them is stritly invariant with respet to the
real-spae rotations. However, eah magneti omponent, when rotated, is equal to some linear
ombination of all magneti omponents, i.e., the J=1 state is invariant with respet to rotations
in this more general sense  it belongs to one, single representation of the rotation group.
Before disussing the sense of the intrinsi wave funtions, let us give two other examples
of the symmetry-broken intrinsi wave funtions. Imagine the ground-state wave funtion of
the water moleule H2O. We know very well how this moleule looks like  the two hydrogen
atoms are onneted by hemial bonds to the oxygen atom, and the two lines onneting the H
and O nulei form an angle of about 105
◦
. So the wave funtion of the water moleule breaks
the rotational invariane. However, if we take suh an isolated moleule, and wait long enough
for all its rotational and vibrational exitations to de-exite by the emission of eletromagneti
radiation, the moleule will reah the ground state of Jpi=0+, i.e., the state whih is perfetly
invariant with respet to rotations.
There is no ontradition between these two pitures of the moleule. The rst one pertains
to the wave funtion in the intrinsi referene frame, and the seond one to the wave funtion in
the laboratory referene frame. The intrinsi wave funtion is not an exat ground state of the
rotationally invariant Hamiltonian. It is a wave paket, whih has a good orientation in spae,
and a very broad distribution of dierent angular momenta, orresponding to the ground-state
rotational band of the water moleule. On the ontrary, the laboratory-frame wave funtion is
an exat ground state of the rotationally invariant Hamiltonian, it has a denite value of the
angular momentum, J=0, and has a ompletely undened orientation in spae.
As the seond example, onsider the ground state of the
166
Er nuleus. It is a well-deformed
nuleus, having the intrinsi ground-state wave funtion in the form of a igar (prolate shape),
whih breaks the rotational symmetry. At the same time, the laboratory ground state has Jpi=0+,
and is perfetly rotationally invariant. Again, the igar-shape, intrinsi wave funtion is a wave
paket that is oriented in spae and has an undened angular momentum, while the laboratory
wave funtion is an exat eigenstate having a denite angular momentum.
Now omes a very important question, namely, is there anything else in the phenomenon of
the dynamial symmetry breaking apart from the trivial wave-paket formation? The answer is,
of ourse, yes! The point is that some systems an, and some other ones annot be oriented. The
rst ones do break the symmetry dynamially, and the seond ones do not. It is obvious that
the water moleule does it. In other words, its moment of inertia is so huge that the ground-
state rotational band is very muh ompressed (ompared to other possible exitations), and all
rotational states of this band (all dierent angular momenta) are very lose to one another. The
wave paket built of suh states is therefore almost an eigenstate  at least it has a very long
lifetime before it deays to the ground state. Hene, the oriented state of the water moleule is
a very good rendition of the exat ground state.
On a dierent sale, the same is true for the
166
Er nuleus. States of its ground-state rotational
band live some nanoseonds, i.e., muh longer that any other exitations available in this system.
Hene, this nuleus an be oriented, and the orresponding wave paket fairly well represents
the ground state. This representation is better or worse depending on whih observable we
want to look at. For example, if we measure the nulear root-mean-square radius, the oriented
wave funtion an be used at marvel. The inrease of radii of deformed nulei as ompared to
their spherial neighbours is a very well established experimental fat. Similarly, lifetimes of the
rotational states an be very well approximated by the probability of emitting lassial radiation
from a rotating harged deformed body.
So we an really say that the ground-state Jpi=0+ wave funtion of 166Er does break, and that
of
208
Pb does not dynamially break the rotational symmetry. The latter nuleus does not have
any rotational band and thus the oriented wave paket annot exist. Both Jpi=0+ ground-state
wave funtions are perfetly rotationally invariant, while the dynamial symmetry breaking is a
notion pertaining to their intrinsi struture.
The utility of the intrinsi wave funtion does not end at systems that dynamially break the
symmetry. Namely, often it is very easy to onstrut approximated symmetry-broken wave fun-
tions, and then use its symmetry-projeted omponent to model the exat symmetry-invariant
ground state. The deuteron wave funtion, with whih we have begun this disussion, is a per-
fet example of suh a situation. Namely, the intrinsi-frame image of this nuleus (neutron here
and proton there) breaks the isospin symmetry, but the omponent projeted on T=0 is a very
good representation of the exat wave funtion. In this ase, projetion on T=0 simply means
antisymmetrizing the two omponents with the neutron and proton positions exhanged. The
T=0 projeted omponent serves us well, even if the T=1 omponent (J=0) is unbound at all.
Moreover, the intrinsi-frame image of the deuteron explains very well why this partile has
apparently so dierent shapes depending on the value of the magneti projetionMJ . TheMJ=0,
torus-like shape, Fig. 6, results simply from projeting the intrinsi wave funtion on J=1 and
MJ=0, whih orresponds to taking a linear superposition of all intrinsi states rotated around
the axis perpendiular to the line onneting the neutron and proton in the intrinsi frame.
Without suh an interpretation, nobody would atually believe that deuteron looks like a torus.
3.3 Eetive Field Theory
As we have disussed, the Argonne v18 interation uses the OPE potential at large distanes,
and the phenomenologial interation at intermediate and small distanes. One an also follow
the standard ideology of the quantum-eld theory, and model the seond piee by the exhange
eets for heavier mesons. Larger meson masses mean shorter distanes of the interation, so we
an understand why adding more mesons, and using the orresponding Yukawa interations, we
an parametrize the NN fore equally well.
Although this way of proeeding works very well in pratie, it reates two oneptual prob-
lems. First, one has to inlude the salar-isosalar meson alled σ, whih has the quantum
numbers of a pair of pions. It fullls the role of an exhange of the a pair of pions, however,
suh a meson neither exist in Nature as a free partile, nor its mass, that has to be used in the
orresponding Yukawa term, is lose to the doubled pion mass. The exhange of suh a virtual
partile simply orresponds to higher-order eets in the exhange of pions, whih is a perfetly
legitimate proedure, but it departs from the idea that real, physial partiles mediate the NN
interation.
Seond, two other heavy mesons have to be inluded, namely, the vetor isovetor meson ρ
and the vetor isosalar meson ω. They are physial partiles, with the rest masses of about
800MeV, and the orresponding ranges of the Yukawa potentials are very small, of the order
of 0.25 fm. These small ranges allow to model the NN interation at very short distanes, but
at these distanes nuleons really start to touh and overlap. Therefore, it is rather unphysial
to think that nuleons an still interat as unhanged objets, by exhanging physial partiles.
Within the image of the strong olor-polarization taking plae at suh a small distanes, one would
rather think that the internal quark-gluon struture of nuleons beomes strongly aeted, whih
reates strong repulsion eets, predominantly through the Pauli bloking of overlapping quark
states.
At present, we are probably not at all able to tell what happens with the nuleons when they
are put so near to one another. However, we do not really need suh a omplete knowledge when
desribing low-energy NN sattering and struture of nulei. All what we need is some kind of
parameterization of the short-range, high-energy eets when we look at their inuene on the
long-range, low-energy observables. Suh separation of sales is at the heart of the eetive eld
theory (EFT).
One an apply similar ideas to almost all physial systems, where our knowledge of the detailed
struture is neither possible nor useful. The simplest example is the eet of the eletromagneti
harge and urrent distributions inside a small objet, when we shine at it an eletromagneti
wave of a muh longer length (the long-wave-length limit). It is well known that all what we
then need, are a few numbers  low-multipliity eletri and magneti moments. Of ourse,
the best would be to be able to alulate these moments from the exat harge and urrent
distributions, but one we know these numbers, we know everything. On the other hand, if the
internal struture is not known, we an t these numbers to the measured long-wave sattering,
and thus obtain the omplete information needed to desribe suh a sattering proess.
Examples of other suh situations are plenty in physis. Interested students are invited to go
through very good introdutory leture notes by Lepage [19℄, where nie instrutive examples are
presented within the framework of ordinary quantum mehanis. In partiular, it is shown how a
short-range perturbation of the ordinary Coulomb potential inuenes the hydrogen atomi wave
funtions, and how suh a perturbation (no matter its physial origin) an be parametrized by a
zero-range, delta-like potential.
Here we only disuss two appliations of the EFT, whih pertain to the pion and nuleon
systems. First, let us onsider the pion-pion Lagrangian density (38). When we use the methods
of the quantum eld theory to derive the π-π sattering amplitude, it turns out that details of
the experimental results are not well reprodued. This suggests that even during a low-energy
sattering proess of omposite partiles, the internal, short-range, high-energy struture does
beome visible. The question is whether one an modify the Lagrangian density in suh a way
that the internal quark-gluon degrees of freedom do not expliitly appear, and yet their inuene
on the π-π sattering amplitude is taken into aount. The EFT presription suggests that one
should add to the Lagrangian higher-order terms that depend on the pion eld and onserve
all symmetries of the theory (Lorentz and hiral invariane in this ase). We than obtain the
eetive Lagrangian density,
Lepipi = − 12F 2pi ~Dµ ◦ ~Dµ − 12m2pi
~π2
1 + ~π2/F 2pi
− 1
4
c4
(
~Dµ ◦ ~Dµ
)2 − 1
4
c′4
(
~Dµ ◦ ~Dν
) (
~Dµ ◦ ~Dν
)
+ . . . , (54)
built from the ovariant derivatives of the pion eld (39), whih ensures the hiral invariane, and
with all the Lorentz indies summed up in pairs, whih ensures the Lorentz invariane. Up to
these rules, there are two quarti terms possible, and the series ould be, in priniple, ontinued
to even higher orders. However, by adjusting free parameters c4 and c
′
4 we are now able to
properly desribe the experimental π-π sattering data. Note that the quarti terms in the loal
Lagrangian density an be interpreted as zero-range ontat (point-like) interations. In Eq. (54)
we have also inluded the pion mass term mpi, whih expliitly (but weakly) breaks the hiral
invariane.
The seond example onerns the nuleon-pion Lagrangian density (44) that an be trans-
formed into an eetive Lagrangian by adding terms whih are quarti in the nuleon elds,
LeNpi = − N˜
(
γµDµ +mN + 2igAγ5~t ◦ γµ ~Dµ
)
N˜
− c2αβ
(
N˜ΓαN˜
)(
N˜ΓβN˜
)
+ . . . , (55)
where we have ombined two terms of Eq. (44) into the ovariant derivative of the nuleon eld,
Dµ = ∂µ + 2i~t ◦ (~z×◦ γµ ~Dµ). (56)
Symbols Γα and Γβ denote projetion operators on the spin-isospin hannels, and c2αβ are the
adjustable free parameters. Again, this Lagrangian ontains the eets of the pion Yukawa
potential, but apart from that, all other short-range eets are modelled by the point-like ontat
interations. This Lagrangian properly desribes all NN sattering lengths, not only in the high-L
partial waves where the OPE potential is enough, but also in the low-L partial waves.
Reently, ideas of the EFT for the NN sattering were followed further, by also adding to
Lagrangian density (56) terms whih ontain six nuleon elds, and alulating the full energy
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Figure 7: Results of the GFMC alulations for A≤10 nulei. (Piture ourtesy: S.C. Pieper,
Argonne National Laboratory.)
dependene of phase shifts and mixing parameters in all partial waves [20℄. The resulting eetive
Lagrangian density has many adjustable parameters, but the number of these parameters is
omparable to that used in the parameterization of Lagrangian by heavy mesons. Also the
desription of the NN sattering data is of a omparable quality, i.e., very good. This shows
that the ideas of the EFT really work; namely, it is not important whih physial mehanism is
used to model the short-range eets  a purely phenomenologial mehanism is equally good.
Our knowledge of these short-range eets an be summarized in a form of a ertain number of
onstants that have the meaning of the multipole moments disussed above. Of ourse, it would
be fantastially interesting to alulate these onstants from the basi theory (QCD), but the
desription of low-energy nulear phenomena requires only that these onstants be known, while
the whole ompliation of the vauum, pion, and nuleon states does not enter the game.
3.4 Light Nulei
Let us nish this Setion with a brief disussion of the ab initio alulations for light nulei.
By using the Green Funtion Monte Carlo (GFMC) methods, one is able to determine binding
energies, and energies of low-lying exited states, for systems ontaining up to A=10 nuleons
[21, 22℄. When the Argonne v18 NN potential is used in suh alulations, all light nulei ome
out signiantly underbound, see Fig. 7. The most plausible reason for suh a disrepany is the
absene of the three-body NNN interation, whih is, as disussed in Se. 3.1, expeted to be
a natural omponent of the fore, and inorporates the polarization eets of the quark-gluon
struture of the nuleons. Unfortunately, the sattering data only give us information on the
binary NN omponent, and the three-body piee has to be postulated independently. When the
Illinois NNN interation [23℄ is added, the GFMC alulations reprodue properties of light nulei
with a very good preision (Fig. 7).
4 MANY-NUCLEON SYSTEMS
Let us now onsider a system of many nuleons ombined together within one omposite objet.
We know that suh omposite partiles (alled nulei or nulides, as you know) exist in Nature.
There exist exatly 253 speies of stable nulei.
1
About 2500 other ones have been synthesized
in laboratories  they deay by dierent proesses, like eletron, positron, proton, or neutron
emission, or by ssion, i.e., by splitting into two lighter nulei (inluding the ase when one of
the lighter nulei is the
4
He nuleus, alled the α partile). Aording to theoretial preditions,
there probably exist another 3000 nulei, not synthesized yet, that are stable with respet to
nuleon emission. At present, their synthesis, investigation, and desription is at the entre of
interest of nulear struture physiists, and most of the letures presented during this Summer
Shool were devoted preisely to this subjet.
Nulei are fasinating objets. They are fermioni systems that exhibit single-partile (s.p.)
and olletive features at the same sale. Apart from very light ones, they ontain too many
onstituents for an appliation of exat methods, and too few onstituents for an appliation of
statistial methods. Their elementary modes of exitation an, nevertheless, be very well dened
based on using quasi-onstituents and/or eetive interations.
4.1 General Disussion of the Nulear Many-Body Problem
We begin our disussion of many-nuleon systems by (again) identifying the most important
degrees of freedom and writing down the relevant Hamiltonian. Contrary to methods used at a
ner level (quarks and gluons) we use here the Hamiltonian piture instead of the Lagrangian
density; this is so beause most of the analysis an be done in the framework of the standard
quantum mehanis, without neessity of applying methods of the quantum eld theory. Nev-
ertheless, we shall express our many-body Hamiltonian in the language of the fermion reation
and annihilation operators, whih is very onvenient in any theory that involves many idential
partiles obeying spei exhange symmetries.
In order to simplify the disussion we disregard the three-body NNN piee of the interation
between the nuleons, and thus the most general Hamiltonian of a many-nuleon system an be
written as,
Hˆ = Txya
+
x ay +
1
4
Vxyx′y′a
+
x a
+
y ay′ax′, (57)
where x≡(x, σ, τ), x′≡(x′, σ′, τ ′), et., are the spae-spin-isospin variables, and the summation-
integration
∫
d3r
∑
στ is implied for every pair of repeated indies. Following the standard no-
tation, we put the spae-spin-isospin arguments as indies of the kineti energy, Txy, potential
energy, Vxyx′y′ , and the reation a
+
x and annihilation ay operators. We assume that the two-body
potential energy operator is antisymmetrized, Vxyx′y′ = −Vxyy′x′ .
We an now estimate the order of ompliation involved in a many-nuleon system. Let
us assume that elds a+x (i.e., the s.p. wave funtions) have to be known at about M ≃ 104
spae-spin-isospin points. The estimate involves, say, about 20 points of a 1 fm lattie in eah of
the three spatial diretion, and four spin-isospin omponents. The 1 fm lattie may seem to be
1
Inluding several ones that live billions of years, and thus appear naturally on the Earth.
grossly insuient to desribe a system where a typial s.p. kineti energy Ek is of the order of
50MeV, and thus involves typial s.p. momenta of nuleons k =
√
2mNEk ≃300MeV ≃1.3 fm−1
≃(0.7 fm)−1. However, typial sale at whih total densities of nuleons vary in a nuleus, are of
the order of 23 fm, so the 1 fm lattie is a barely suient, but fair ompromise to desribe a
system having the total size (inluding the asymptoti peripheral region) of at least 20 fm.
The fermion Fok spae, i.e., the omplete Hilbert spae that is relevant to desribe a system
of many idential fermions, has the dimensionality of D=
(
M
A
)
, whih is equal to the number of
ways A fermions an be distributed on M sites. For the A=10 systems, whih at present an
still be treated within the GFMC method, Set. 3.4, we thus obtain D≃ 1033. On the one hand,
this number illustrates the power of the existing theoretial desriptions; on the other hand, it
explains why it is so diult to go any further. For example, for a heavy A=200 nuleus, the
dimensionality reahes 10
425
. Therefore, it is neither oneivable nor sensible to envisage any
exat methods for heavy nulei.
One has to bear, however, in mind that the physis of a heavy nuleus does not really require
suh a detailed knowledge of any of its states. To see this, let us onsider the energy of an
arbitrary state |Ψ〉 as given by the average value of the Hamiltonian,
E = 〈Ψ|Hˆ|Ψ〉 = Txyρyx + 14Vxyx′y′ρx′y′xy, (58)
where the one- and two-body density matries are dened as
ρyx = 〈Ψ|a+x ay|Ψ〉, (59)
ρx′y′xy = 〈Ψ|a+x a+y ay′ax′ |Ψ〉. (60)
Both density matries are Hermitian, ρyx=ρ
∗
xy and ρx′y′xy=ρ
∗
xyx′y′ , and the (fermion) two-body
density matrix is antisymmetri with respet to exhanging its rst two, or last two arguments,
ρx′y′xy=−ρy′x′xy=−ρx′y′yx. Hene the total energy of an arbitrary many-fermion state, desribed
by two-body interations, is determined by M2+(M(M − 1)/2)2≃ 1016 real parameters for
M ≃ 104 (independently of A). Even when the three-body interations are taken into aount,
this number grows only to 10
24
. This shows expliitly, that the information ontained in a
many-fermion nulear state is, in fat, muh smaller than the total dimensionality of the Hilbert
spae, or in other words, only very spei states from this Hilbert spae are relevant.
Unfortunately, the presented ounting rules, based on the analysis of density matries, do
not help in obtaining pratial solutions for many-body problems. The reason for that is the
never-solved N-representability problem [24, 25℄, namely, the question: whih of the four-index
matries are two-body density matries of many-fermion states, and whih are not. Indisrimi-
nate variation of Eq. (58) over the density matries (to look for the ground state) is, therefore,
inappropriate. Hene, we are bak to square one, i.e., we have to anyhow onsider the full Hilbert
spae to look for orret many-fermion states, even if we know that this onstitutes an enormous
waste of eort. New bright ideas to solve the N-representability problem in nulear-physis on-
text are very muh needed. Before this is ahieved, we are bound to look for methods judiiously
reduing the dimensionality of the many-body problems. There are two main avenues to do so,
whih we briey desribe in the next two Setions.
4.2 Eetive Interations (I)
We saw that the ruial element of the dimensionality is the number of spae-spin-isospin points
needed to desribe basi elds a+x . Therefore, we have to use methods that lead to elds as slowly
varying in funtion of position, as it is possible. In this respet, region of the phase spae that
orresponds to pairs of nuleons getting near one another, is partiularly umbersome, beause
the wave funtions must vary rapidly there, in order to beome very small within the radius of
the strong repulsion, f. Fig. 5 above. In the past, very powerful tehnis have been developed
to treat these hard-ore eets. They are based on replaing the real NN interation Vxyx′y′ by
the eetive interation Gxyx′y′ that fullls the following ondition∫∑
dx′dy′ Vxyx′y′Ψij(x′, y′) =
∫∑
dx′dy′Gxyx′y′
[
φi(x
′)φj(y
′)−φi(y′)φj(x′)√
2
]
, (61)
where the sum-integrals are performed over x′ and y′.
The two-body wave funtion in the square brakets on the r.h.s. is the independent-partile,
or produt wave funtion, built as the antisymmetrized produt of two s.p. wave funtions, φi(x)
and φj(x), haraterized by quantum numbers i and j. The two-body wave funtion on the l.h.s.,
Ψij(x
′, y′), is a wave funtion orrelated at the short range; it is very small within the region of
the hard ore. So the real NN interation, when ating on the orrelated wave funtion, gives
a nite result, beause the wave funtion is very small in the region where the repulsion is vary
large. On the other hand, the antisymmetrized produt wave funtion is never small around
x′=y′ (although it vanishes at x′=y′), and hene the eetive interation fullling (61) has no
hard ore. Condition (61) denes, therefore, the eetive interation that an be used in the
spae of unorrelated Slater determinants. The whole proedure an be put on rm grounds in
the framework of the perturbation expansion, when partial sums of innite lasses of diagrams
are performed, but this is beyond the sope of the present letures. We only mention that within
suh a formalism, the eetive interation is obtained by solving the Bethe-Goldstone equation
[26℄.
The eetive interation should, in priniple, depend on the s.p. states φi(x) and φj(x) for
whih the Bethe-Goldstone equation is solved. For example, the eetive interation in an innite
nulear matter, where the s.p. wave funtions are plane waves, an be dierent than that in a
nite nuleus. In the past, there were many alulations pertaining to the rst ase, while the
seond (and more interesting) situation was suessfully addressed only very reently [27, 28℄.
On a phenomenologial level, one an postulate simple forms of interations and use them as
models of suh diult-to-derive eetive interations. Suh a route was adopted by Gogny [29℄,
who postulated the simple loal interation
G˜xyx′y′ = δ(x− x′)δ(y − y′)G(x, y), (62)
where the tilde denotes a non-antisymmetrized matrix element (Gxyx′y′ = G˜xyx′y′ − G˜xyy′x′), in
the form of a sum of two Gaussians, plus a zero-range, density dependent part,
2
G(x, y) =
∑
i=1,2
e−(x−y)
2/µ2
i × (Wi +BiPσ −HiPτ −MiPσPτ )
+ t3(1 + Pσ)δ(x− y)ρ1/3
[
1
2
(x+ y)
]
. (63)
In this Equation, Pσ=
1
2
(1+σ1 · σ2) and Pτ=12(1+~τ1 ◦ ~τ2) are, respetively, the spin and isospin
exhange operators of partiles 1 and 2, ρ(r) is the total density of the system at point r, and
µi, Wi, Bi, Hi, Mi, and t3 are parameters.
In Fig. 8, we ompare the real n-n interation (Argonne v18) with the eetive Gogny inter-
ation (the D1 parametrization [29, 30℄) in the L=0 hannels, i.e., in the 3S1 hannel (Pσ=1 and
Pτ=−1) and 1S0 hannel (Pσ=−1 and Pτ=1). It is lear that real and eetive interations are
2
We omit the spin-orbit term for simpliity.
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Figure 8: Comparison of the Gogny and Argonne v18 n-n potentials in the
3
S1 (top) and
1
S0
(bottom) hannels. Note very dierent sales of the top and bottom panels.
very dierent near r=0. The zero-range piee of the interation ats only in the 3S1 hannel; in
Fig. 8 it is represented by the green arrow at r=0. One should keep in mind that the Gogny in-
teration is meant to represent the eetive interation, and hene it an only at on the produt
wave funtions. In partiular, an attempt to solve exatly, e.g., the two-body (deuteron) prob-
lem goes beyond the range of appliability of the eetive interation. The Gogny interation is
mostly used within the mean-eld approximation that we disuss in more detail in the Se. 4.4
below.
4.3 Eetive Interations (II)
To a ertain extent, a way out from the explosion of dimensionality, disussed in Se. 4.1, may
onsist in using a better single-partile spae. Instead of parametrizing elds a+x by spae-spin-
isospin points x, one an use a parametrization by the shell-model orbitals φi(x) that are ative
near the Fermi surfae of a given nuleus, i.e., by elds
a+i =
∫∑
dxφi(x)a
+
x . (64)
When a omplete set of orbitals is used, the desriptions in terms of reation operators a+i and
a+x are equivalent. However, one an also attempt a drasti redution of the set a
+
i to a nite
number, i=1. . .M , of most important orbitals, similarly as we have been previously using nite
sets of the spae-spin-isospin points instead of ontinuous variables.
The redution is now not a mere question of disretizing ontinuous elds, but involves a
serious limitation of the Hilbert spae. In quantum mehanis one an always split the Hilbert
spae into two subspaes, |Ψ〉 = P |Ψ〉+Q|Ψ〉, where P and Q are projetion operators suh that
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P + Q = 1. Then, the Shrödinger equation H|Ψ〉=E|Ψ〉 is stritly equivalent to the following
2×2 matrix of equations,(
PHP PHQ
QHP QHQ
)(
P |Ψ〉
Q|Ψ〉
)
= E
(
P |Ψ〉
Q|Ψ〉
)
. (65)
Using the seond equation, one an now formally express the exluded omponent, |ΨQ〉≡Q|Ψ〉,
of the wave funtion by the kept omponent, |ΨP 〉≡P |Ψ〉, i.e.,
|ΨQ〉 = 1
E −QH QH|ΨP 〉, (66)
and put it bak into the rst equation. This gives the Shrödinger equation redued to the kept
Hilbert spae,
H
e
|ΨP 〉 = E|ΨP 〉, (67)
where the eetive Hamiltonian H
e
is given by the Bloh-Horowitz equation [31℄,
H
e
= H +H
1
E −QH QH . (68)
The main questions is, of ourse, whether the Bloh-Horowitz eetive interation, V
e
=H
e
−
T , an be replaed by a simple phenomenologial interation, and used to desribe real systems.
In partiular, when a two-body, energy-independent interation is postulated in a very small
phase spae, one obtains the shell model, whih is suessfully used sine many years in nulear
struture physis.
In order to illustrate the dimensions of the shell-model Hilbert spae, in Fig. 9 we show the
numbers of many-fermion states that are obtained when states in N=Z medium heavy nulei
are desribed within the pf spae (20 s.p. states for protons and 20 for neutrons). Currently,
omplete solutions for the pf spae beome available, i.e., dimensions of the order of 109 an
eetively be treated. Progress in this domain losely follows the progress in size and speed of
omputers, i.e., one order of magnitude is gained in about every two-three years. We shell not
disuss these methods in any more detail, beause dediated letures have been presented on this
subjet during the Summer Shool.
4.4 Hartree-Fok method
The Hartree-Fok (HF) approah relies on assuming that the ground state of a many-fermion
system an be uniquely haraterized by the one-body density matrix (59). There are many ways
of deriving the HF equations; the simplest one is to use the variational priniple together with
the following approximation of the two-body density matrix (60):
ρx′y′xy = ρx′xρy′y − ρx′yρy′x. (69)
This equation expresses the two-body density matrix by the one-body density matrix, and hene
the total energy (58) beomes a funtional of the one-body density matrix only,
E
HF
= Txyρyx +
1
4
Gxyx′y′ (ρx′xρy′y − ρx′yρy′x)
= Txyρyx +
1
2
Γxx′ρx′x =
1
2
(Txy + hxy) ρyx, (70)
for
Γxx′ = Gxyx′y′ρy′y ⇐= HF potential, (71)
hxy = Txy + Γxy ⇐= HF Hamiltonian. (72)
By minimizing the HF energy (70) with respet to the one-body density matrix, one obtains
hxyρyz − ρxyhyz = 0 ⇐= HF equation, (73)
whih is usually solved by nding the HF s.p. orbitals that diagonalize the HF Hamiltonian (72),∫∑
dy hxyφi(y) = ǫiφi(x), (74)
and then onstruting the one-body density matrix from these orbitals:
ρxy =
∑
i∈o
φi(x)φ
∗
i (y). (75)
Equations (74) and (75) guarantee that the HF ondition (73) is fullled (beause hxy and ρxy
are then diagonal in the ommon basis), so the HF solution is found whenever, for a given set of
oupied orbitals, i ∈ o, the density matrix self-onsistently reprodues the HF potential (71).
From Eq. (75) it is lear that not the real interation Vxyx′y′ , but the eetive interation
Gxyx′y′ , must be used in the HF method. Indeed, when the density-matrix (75) is inserted in
the expression for the HF energy (70), one reovers the ation of the eetive interation on the
two-body produt wave funtions (61). It is now obvious that the determination of the eetive
interation must be oupled to the solution of the HF equations, and performed self-onsistently.
Namely, for a given eetive interation one solves the HF equations, and the obtained HF
orbitals (74) are in turn used in the Bethe-Goldstone equation to nd eetive interation. Suh
a doubly self-onsistent proedure is alled the Bruekner-Hartree-Fok method.
Modern understanding of the HF approximation is not diretly based on the variational
method applied to Slater determinants. Certainly, the basi approximation for the two-body
density matrix (69) is an exat result for a Slater determinant, but the key element of the
approah is expression (70), whih states that the ground-state energy an be approximated by
a funtional of the one-body density matrix.
4.5 Conserved and Broken Symmetries
Representation of many-fermion states by density matries (59) and (60), and the HF approx-
imation of the two-body density matrix (69), allow us to give a preise denition of what one
really means by onserved and broken symmetries in many-body systems. Moreover, it also links
the spontaneous symmetry breaking mehanism to a desription of orrelations.
Consider a unitary symmetry operator Pˆ suh that
Pˆ+axPˆ = Pxyay , Pˆ
+a+x Pˆ = P
∗
xya
+
y (76)
and
P+xx′Tx′y′Py′y = Txy , P
+
zz′P
+
tt′Gz′t′x′y′Px′xPy′y = Gztxy. (77)
Equations (76) and (77) are equivalent to the symmetry ondition [Hˆ, Pˆ ]=0 obeyed by Hamil-
tonian (57). Symmetry operator Pˆ ats in the fermion Fok spae by mixing elementary elds
a+y with the integral kernel Pxy (remember that the sum-integral
∫∑
dy is implied for every re-
peated index). All the most interesting symmetries at in this way  they an be represented as
exponents of one-body symmetry generators, i.e., Pˆ an be any one of the following:
1
◦
translational symmetry,
Pˆ = exp
(
ir0 · Pˆ
)
, (78)
where Pˆ=
∑A
i=1 pi is the total linear momentum operator, and r0 is the shift vetor.
2
◦
rotational symmetry,
Pˆ = exp
(
iα0 · Iˆ
)
, (79)
where Iˆ=
∑A
i=1 ji is the total angular momentum operator, and α0 is the rotation angle.
3
◦
isospin symmetry,
Pˆ = exp
(
i~α0 ◦ ~ˆT
)
, (80)
where
~ˆT=1
2
∑A
i=1 ~τi is the total isospin operator, and ~α0 is the iso-rotation angle.
4
◦
partile-number symmetry,
Pˆ = exp
(
iφ0Nˆ
)
, (81)
where Nˆ=
∫∑
dx a+x ax is the total partile number operator, and φ0 is the gauge angle.
5
◦
inversion (parity) symmetry,
Pˆ =
A∏
i=1
πˆi, (82)
where πˆi is the inversion operator for the ith partile.
6◦
time-reversal symmetry.
Pˆ = exp
(
−iπSˆy
)
Kˆ, (83)
where Sˆy=
1
2
∑A
i=1 σiy is the y omponent of the total spin operator, and Kˆ is the omplex
onjugation operator in spatial representation.
There an also be terms in the Hamiltonian that expliitly break some of the above symmetries
(e.g., the Coulomb interation expliitly breaks the isospin symmetry), but we disregard them
for simpliity.
Let us begin with the simplest ase, namely, let Pˆ be the parity symmetry (82). In this
ase, the integral kernel reads Pxy≡δ(x + y), and is, of ourse, independent of spin and isospin.
For a parity-invariant interation, Eq. (77), the exat energy of an arbitrary state |Ψ〉, Eq. (58),
depends only on the salar parts (in this ase, the parity invariant parts) of the one- and two-body
density matries, i.e.,
E = Txyρ
(+)
yx +
1
4
Gxyztρ
(+)
ztxy, (84)
for
ρ(±)yx =
1
2
(
Pyy′ρy′x′P
+
x′x ± ρyx
)
, (85)
ρ
(±)
ztxy =
1
2
(
Pzz′Ptt′ρz′t′x′y′P
+
x′xP
+
y′y ± ρztxy
)
. (86)
Within the HF approximation (69), we may have two lasses of solutions:
• symmetry-onserving solution:
ρxy = ρ
(+)
xy , (87)
ρ
(+)
ztxy = ρ
(+)
zx ρ
(+)
ty − ρ(+)zy ρ(+)tx , (88)
• symmetry-breaking solution:
ρxy = ρ
(+)
xy + ρ
(−)
xy , (89)
ρ
(+)
ztxy = ρ
(+)
zx ρ
(+)
ty − ρ(+)zy ρ(+)tx + ρ(−)zx ρ(−)ty − ρ(−)zy ρ(−)tx . (90)
In the ase of the broken symmetry, neither of the density matries is invariant with respet to
the symmetry operator. However, the symmetry breaking part of the one-body density matrix
ρ(−)xy enters the HF energy (84) only through the two-body interation energy. Moreover, the
symmetry-projeted two-body density matrix (90) does not obey the HF ondition (69). In other
words, the symmetry-breaking part of the one-body density matrix gives a orrelation term of the
two-body density matrix. Symmetry breaking is, therefore, a reetion of orrelations beyond
HF, taken into aount with respet to the symmetry-onserving HF method.
One an also say that the symmetry-breaking part ρ(−)xy onstitutes an additional set of vari-
ational parameters, whih beome allowed when a larger lass of the one-body density matries
(beyond symmetry onservation) is onsidered. As in every variational proedure, a larger vari-
ational lass may lead (sometimes) to lower energies. Whether it does, depends on the spei
ase, and in partiular on the type of the two-body interation. It is obvious, that one an gain
energy by breaking symmetry only if the appropriate orrelation energy is negative, i.e., when the
last two terms of the two-body density matrix, ρ(−)zx ρ
(−)
ty − ρ(−)zy ρ(−)tx , give a negative ontribution
when averaged with the two-body eetive interation Gxyzt.
Figure 10: Shemati illustration of the s.p. level density (left), orresponding to the s.p. spetrum
of a deformed nuleus (entre). The right panel shows the evolution of the spetrum with
nulear deformation. (Piture ourtesy: W. Nazarewiz, ORNL/University of Tennessee/Warsaw
University.) From http://www-highspin.phys.utk.edu/witek/.
Within suh an approah to the symmetry breaking, one does not, in fat, break any symmetry
of the exat wave funtion. Indeed, the density matries, ρ(+)xy and ρ
(+)
ztxy that are ative in the
total energy do onserve the symmetry. We should also use these density matries to alulate
all other observables for the symmetry-broken (orrelated) solution of the HF equations.
Let us now give results of an analogous analysis for the ase of deformed nulei, i.e., for the
ase of broken rotational symmetry (79). For axial shapes we then have the following density
matries,
ρxy =
∑
J
ρ(J)xy , (91)
ρ
(0)
ztxy =
∑
J
(
ρ(J)zx × ρ(J)ty
)
0
−∑
J
(
ρ(J)zy × ρ(J)tx
)
0
, (92)
and the total HF energy,
E = Txyρ
(0)
yx +
1
4
Gxyztρ
(0)
ztxy, (93)
that depends only on the salar (J=0) parts of the density matries. On the other hand, the
broken-symmetry one-body density matrix is the sum of omponents ρ(J)xy that transform as irre-
duible rotational tensors of rank J . In the salar two-body density matrix (92), these omponents
are oupled to J=0, and every suh a term denes the multipole orrelation energy of rank J .
It is now obvious that the broken-symmetry solution beomes the ground state for interations
that have appropriately strong multipole-multipole terms (see Refs. [32, 33℄ for numerial results
in heavy nulei).
Without going into detailed disussion of the multipole-multipole deomposition of eetive
interations, we may easily tell in whih nulei the rotational symmetry is broken and deformation
appears. A shemati diagram presented in the right panel of Fig. 10 shows the evolution of
the s.p. spetrum with nulear deformation, i.e., the dependene of eigenvalues of the mean-eld
Hamiltonian having the shape haraterized by the deformation parameter β. In suh a spetrum,
some s.p. levels go down, and other go up in energy, and at spei deformations there appear in
the spetrum larger or smaller gaps. When the partiles are lling the lowest levels up to ertain
energy (presribed by the number of partiles), the last oupied level may appear either below
or above the gap. This leads respetively to a derease or an inrease of the total energy. The
overall density of s.p. levels at the Fermi surfae determines, therefore, the total energy of the
system. In other words, a system having a given number of partiles adopts the shape at whih
the last oupied level is below a large gap. Therefore, nulei that orrespond to magi partile
numbers are spherial (large gaps appear at spherial shape) and the rotational symmetry is
onserved, while nulei with partile numbers between the magi gaps (the so-alled open-shell
nulei) hoose non-zero deformed ground states orresponding to broken rotational symmetry.
4.6 Loal Density Approximation
Approximation of the many-body energy (58) by a funtional of the one-body density matrix
(70) an be further simplied in the oordinate representation. Namely, it appears that the HF
density matrix (75) inuenes the energy mostly through the loal density [34, 35, 36℄. This
observation denes the loal density approximation (LDA).
Negleting for simpliity the spin-isospin degrees of freedom, we an write the interation
energy [the seond term in Eq. (70)℄ in the form
E
int
= 1
2
∫
d3x d3y d3x′d3y′ G˜xyx′y′ (ρx′xρy′y − ρx′yρy′x) . (94)
For loal eetive interation, the non-antisymmetrized matrix element G˜xyx′y′ is given by the
potential G(x,y),
G˜xyx′y′ = δ(x− x′)δ(y − y′)G(x,y), (95)
and the interation energy reads
Eint = 1
2
∫
d3x d3yG(x,y) (ρxxρyy − ρxyρyx) . (96)
The rst term (diret) depends only on the loal density matrix (equal arguments), while the
seond term (exhange) involves the full one-body density matrix. Therefore, the loal density
plays a speial role due to loality of the eetive interation.
It is therefore onvenient to represent the one-body density matrix (59) in total and relative
oordinates, i.e.,
ρxy = ρ(R, r), (97)
where
R = 1
2
(x+ y) and r = x− y. (98)
Denoting the loal density by single argument, ρ(R) = ρxx = ρ(R, 0), and noting that by
translational invariane the potentialG(x,y) = G(x−y) depends only on the relative oordinate,
we have
Eint = 1
2
∫
d3R d3rG(r)
[
ρ(R + 1
2
r)ρ(R− 1
2
r)− ρ(R, r)ρ(R,−r)
]
. (99)
We see that diret and exhange terms, Eint = Eint
dir
+Eint
exh
, have markedly dierent dependene
on the density matrix, and thus have to be treated separately.
In the diret term, we an use the fat that the range of the eetive fore is smaller than
the typial distane at whih the density hanges. Indeed, the nulear density is almost onstant
inside the nuleus, and then falls down to zero within the region alled the nulear surfae, whih
has a typial width of about 3 fm. Hene, within the range of interation, and for the purpose
of evaluating the diret interation energy, the density an be approximated by the quadrati
expansion,
ρ(R± 1
2
r) = ρ(R)± 1
2
ri∇iρ(R) + 18rirj∇i∇jρ(R) + . . . (100)
and
ρ(R + 1
2
r)ρ(R− 1
2
r) = ρ2(R) + 1
4
rirj
(
ρ(R)∇i∇jρ(R)− [∇iρ(R)][∇jρ(R)]
)
+ . . . , (101)
where ∇i=∂/∂Ri. When inserted into Eq. (99), this expansion gives [for salar interations
G(r) = G(|r|) = G(r)℄ the diret interation energy:
Eint
dir
= 1
2
∫
d3R
[
G0ρ
2 + 1
4
G2
(
ρ∆ρ− (∇ρ)2
)]
+ . . . , (102)
where oupling onstants G0 and G2 are given by the moments of the interation:
G0 = 4π
∫
drr2G(r) and G2 =
4
3
π
∫
drr4G(r). (103)
In the exhange term, the situation is entirely dierent, beause here the range of interation
matters in the non-loal, relative diretion r. In order to get a feeling what are the properties of
the one-body density matrix in this diretion, we an alulate it for innite matter,
ρxy =
∫
|k|<kF
d3k
exp(ik · x)√
8π3
exp(−ik · y)√
8π3
, (104)
where the s.p. wave funtions (plane waves) are integrated within the Fermi sphere of momenta
|k| < kF . Obviously, ρxy depends only on the relative oordinate, i.e.,
ρ(R, r) =
1
2π2r
∫ kF
0
dk k sin(kr) =
k3F
6π2
[
3
sin(kF r)− kF r cos(kF r)
(kF r)3
]
=
k3F
6π2
[
3
j1(kF r)
kF r
]
. (105)
Funtion in square parentheses equals 1 at r=0, and has the rst zero at r ≃ 4.4934/kF ≃ 3 fm,
i.e., in the non-loal diretion the density varies on the same sale as it does in the loal diretion.
Therefore, the quadrati expansion of the density matrix in the relative variable
ρ(R,±r) = ρ(R)± ri∂iρ(R, r) + 12rirj∂i∂jρ(R, r) + . . . , (106)
where derivatives ∂i=∂/∂r
i
are always alulated at ri=0, is, in priniple, suient for the
evaluation of the exhange interation energy. However, we an improve it by introduing three
universal funtions of r = |r|, π0(r), π1(r), and π2(r), whih vanish at large r, i.e., we dene the
LDA by:
ρ(R,±r) = π0(r)ρ(R)± π1(r)ri∂iρ(R, r) + 12π2(r)rirj∂i∂jρ(R, r) + . . . (107)
Sine for small r, Eq. (107) must be ompatible with the Taylor expansion (106), the auxiliary
funtions must fulll onditions at r=0,
π0(0) = π1(0) = π2(0) = 1, π
′
0(0) = π
′
1(0) = 0, and π
′′
0 (0) = 0. (108)
In order to onserve the loal-gauge-invariane properties of the interation energy [37℄, we also
require that
π21(r) = π0(r)π2(r). (109)
The auxiliary funtions π0(r) and π2(r) an be alulated a posteriori, to give the best possible
approximation of a given density matrix ρ(R, r). However, they an also be estimated a priori
by making momentum expansion around the Fermi momentum kF . This gives the density-matrix
expansion (DME) of Ref. [35℄, in whih
π0(r) =
6j1(kF r) + 21j3(kF r)
2kF r
and π2(r) =
105j3(kF r)
(kF r)3
, (110)
where jn(kF r) are the spherial Bessel funtions.
The term depending on the non-loal density in the exhange integral (99) now reads
ρ(R, r)ρ(R,−r) = π20(r)ρ2(R) + π0(r)π2(r)rirj
(
ρ(R)∂i∂jρ(R, r)− [∂iρ(R, r)][∂jρ(R, r)]
)
+ . . .
(111)
and gives the exhange interation energy:
Eint
exh
= −1
2
∫
d3R
[
G′0ρ
2 + 1
4
G′2
(
ρ∆ρ− 4(ρτ − j2)
)]
+ . . . , (112)
where oupling onstants G′0 and G
′
2 are given by the following integrals of the interation:
G′0 = 4π
∫
drr2π20(r)G(r) and G
′
2 =
4
3
π
∫
drr4π0(r)π2(r)G(r). (113)
The exhange interation energy also depends on densities j (119) and τ (120) that we dene
below. It is obvious that when the pure Taylor expansion is used to approximate the density in
the non-loal diretion, Eq. (106), i.e., for π0(r) = π2(r) = 1, the diret and exhange oupling
onstants are equal, G′0 = G0 and G
′
2 = G2.
Altogether, quadrati approximations to the one-body density matrix allow expressing the
diret and exhange interation energies as integrals of loal energy density. Suh energy density
depends on the loal density, on derivatives of the loal density, and on several other densities
that represent properties of the one-body density matrix in the non-loal diretion.
We should stress that the validity of the LDA depends on dierent sales involved in properties
of nulei. Namely, the sale of distanes haraterizing the ground-state one-body density matrix
is signiantly larger than the range of eetive fores. Therefore, the LDA may apply only to
seleted, low-energy phenomena where the spatial struture of the density matrix is not very
muh aeted.
Moreover, we see that the low-energy nulear properties may depend on an extremely re-
strited set of properties of eetive interations. Within the LDA, only a few numbers [the
oupling onstants of Eqs. (103) and (113)℄ determine the energy density. This is entirely in
the spirit of the eetive eld theory; separation of sales results in a transmission of a very
limited information from one sale to another. One this information (in our ase  the oupling
onstants) is either evaluated, or t to data, properties of the system an be properly alulated
at the larger sale.
We also see that the oupling onstants an be evaluated by assuming any eetive interation
that has a smaller range than the physial range. In doing so, we an even go down to zero range,
and nothing will hange, provided we x the parameters of the zero-range fore so as to properly
desribe the moments of the fore, Eqs. (103) and (113), and thus properly reprodue the oupling
onstants.
We an now proeed to the real world by putting bak into our desription the spin and isospin
degrees of freedom. Based on the results above, we an rst onstrut the most general set of
loal densities, with derivatives up to the seond order taken into aount, and then build the
loal energy density. The omplete suh onstrution has been performed only very reently [38℄;
it involves the full proton-neutron mixing and treats both the partile-hole and partile-partile
hannels of interation.
We begin by writing the one-body density matrix (59) with all variables shown expliitly,
ρxστ,yσ′τ ′ = 〈Ψ|a+yσ′τ ′axστ |Ψ〉, (114)
and we dene the densities in total and relative oordinates (97) as
ρ(R, r, στ, σ′τ ′) = ρxστ,yσ′τ ′ . (115)
The spin-isospin omponents an now be separated,
ρ(R, r, στ, σ′τ ′) = 1
4
ρ0(R, r)δσσ′δττ ′ +
1
4
δσσ′~ρ(R, r) ◦ ~τττ ′
+ 1
4
s0(R, r) · σσσ′δττ ′ + 14~s(R, r) · σσσ′ ◦ ~τττ ′ , (116)
where σ and ~τ are the spin (19) and isospin (27) Pauli matries. The salar-isosalar ρ0(R, r),
salar-isovetor ~ρ(R, r), vetor-isosalar s0(R, r), and vetor-isovetor ~s(R, r) densities an be
obtained in a standard way by taking appropriate traes with the Pauli matries. All neessary
loal densities an now be obtained by alulating at r=0 the derivatives in the total∇ = ∂/∂R
and relative ∂ = ∂/∂r oordinates, up to the seond order.
Without the proton-neutron mixing, whih we neglet from now on in order to simplify the
presentation, only the third omponents of isovetors are non-zero, and we an use the notation
ρ1(R, r) ≡ ~ρ3(R, r) and s1(R, r) ≡ ~s3(R, r). (117)
The list of all required loal densities then reads [39℄:
Matter: ρt(R) = ρt(R, 0), (118)
Current: jt(R) = [kρt(R, r)]r=0, (119)
Kineti: τt(R) = [(k
2 − 1
4
K2)ρt(R, r)]r=0, (120)
Spin: st(R) = st(R, 0), (121)
Spin-urrent: J ijt (R) = [k
isjt(R, r)]r=0, (122)
Spin-kineti: T t(R) = [(k
2 − 1
4
K2)st(R, r)]r=0, (123)
where
k = −i∂ = −i∂/∂r = 1
2i
(∇x −∇y) and K = −i∇ = −i∂/∂R = −i (∇x +∇y) , (124)
are momentum operators in the relative and total oordinate, and index t=0, 1 distinguishes
between the isosalar and isovetor omponents. The kineti densities are usually dened in
terms of the derivatives ating on the x and y oordinates (98), i.e., (k2 − 1
4
K2) = ∇x ·∇y.
There is also one density depending on K ⊗ k (tensor-kineti density) [40, 38℄, whih we do
not disuss here beause it appears only for tensor interations. Sine the Pauli matries σ
and momenta k are time-odd operators, wee see that densities ρt(R), τt(R), and J
ij
t (R) are
time-even, and densities jt(R), st(R), and T t(R) are time-odd.
For an arbitrary entral nite-range loal potential with the full spin-isospin dependene [f.
the Gogny interation in Eq. (63)℄,
G(x,y) = W (x,y) +B(x,y)Pσ −H(x,y)Pτ −M(x,y)PσPτ , (125)
we an now repeat the derivation of the LDA funtional, by using expansions (100) and (107)
in eah spin-isospin hannel. As a result, we obtain the interation energy (diret and exhange
terms ombined) in the form
Eint =
∑
t=0,1
∫
d3R
[
Cρt ρ
2
t+C
∆ρ
t ρt∆ρt+C
τ
t (ρtτt−j2t )+Cst s2t+C∆st st ·∆st+CTt (st ·T t−
↔
J
2
t )
]
, (126)
where
↔
J
2
=
∑
ij J
ijJij . The energy density depends on six isosalar and six isovetor oupling
onstants that are simple moments of potentials, i.e.,
8

Cρ0
Cρ1
Cs0
Cs1
 =

4 −1 2 −2
0 −1 0 −2
0 −1 2 0
0 −1 0 0


W0 +M
′
0
M0 +W
′
0
B0 +H
′
0
H0 +B
′
0
 (127)
and
32

C∆ρ0
C∆ρ1
Cτ0
Cτ1
C∆s0
C∆s1
CT0
CT1

=

8 −1 4 −2 −4 2 −2 4
0 −1 0 −2 −4 0 −2 0
0 4 0 8 0 −8 0 −16
0 4 0 8 0 0 0 0
0 −1 4 0 0 2 −2 0
0 −1 0 0 0 0 −2 0
0 4 0 0 0 −8 0 0
0 4 0 0 0 0 0 0


W2
W ′2
B2
B′2
H2
H ′2
M2
M ′2

, (128)
where (for X ≡ W , B, H , or M)
X0 = 4π
∫
dr r2X(r) and X2 =
4
3
π
∫
dr r4X(r), (129)
X ′0 = 4π
∫
dr r2π20(r)X(r) and X
′
2 =
4
3
π
∫
dr r4π0(r)π2(r)X(r). (130)
Again we see, that for π0(r) = π2(r) = 1, the diret and exhange oupling onstants are
equal, X ′0 = X0 and X
′
2 = X2, and hene only six oupling onstants in energy density (126) are
independent. This requires that the so-alled time-odd oupling onstants are linear ombinations
of the so-alled time-even oupling onstants [37℄:
3
(
Cs0
Cs1
)
=
( −2 −3
−1 0
)(
Cρ0
Cρ1
)
(131)
and
24

C∆s0
C∆s1
CT0
CT1
 =

−12 −12 3 9
−4 −4 3 −3
16 48 −4 12
16 −16 4 −12


C∆ρ0
C∆ρ1
Cτ0
Cτ1
 . (132)
It is well known that the loal energy density (126) is also obtained for the Skyrme zero-range
momentum-dependent interation [41, 42, 43℄. Without density-dependent and spin-orbit terms,
this interation reads
G(x,y) = t0 (1 + x0Pσ) δ(x− y) + 12 t1 (1 + x1Pσ)
[
kˆ′2 δ(x− y) + δ(x− y) kˆ2
]
+ t2 (1 + x2Pσ) kˆ
′ · δ(x− y) kˆ, (133)
where k′ = i∂ ats to the left, and k = −i∂ ats to the right. For this interation, the interation
energy has exatly the form given in Eq. (126), with oupling onstants [39, 37℄ that depend on
parameters t0, x0, t1, x1, t2, and x2,
8

Cρ0
Cρ1
Cs0
Cs1
 =

−3 0
−1 −2
−1 2
−1 0

(
t0
t0x0
)
(134)
and
64

C∆ρ0
C∆ρ1
Cτ0
Cτ1
C∆s0
C∆s1
CT0
CT1

=

−9 0 5 4
3 6 1 2
12 0 20 16
−4 −8 4 8
3 −6 1 2
3 0 1 0
−4 8 4 8
−4 0 4 0


t1
t1x1
t2
t2x2
.
(135)
For π0(r) = π2(r) = 1, the Skyrme interation (133) exatly reprodues the LDA of the nite-
range interation (125), provided the Skyrme parameters are given by
t0 = W0 +M0 , t0x0 = B0 +H0, (136)
t1 = −W2 −M2 , t1x1 = −B2 −H2, (137)
t2 = W2 −M2 , t2x2 = B2 −H2. (138)
Coupling onstants of the Skyrme funtional fulll onstraints (131) and (132). When the better
approximation of the non-loal density matrix is used, i.e., for π0(r) 6= 1 or π2(r) 6= 1 in Eq.
(107), the Skyrme interation annot reprodue the LDA energy density. However, it is enough
to release onstraints (131) and (132), and treat all the twelve oupling onstants as independent
parameters, to reover the full freedom of the LDA loal energy density.
Again we expliitly see that (exatly in the spirit of the eetive eld theory), the zero-
range interation an reprodue the same properties of nulear systems as does the real eetive
interation, provided the oupling onstants in the energy density are either adjusted to data, or
alulated from the real nite-range interation. It is also lear that the zero-range interation
annot be treated literally  it is signiant only as a generator of the proper energy density,
while all physial results depend only on this energy density, and not on the interation itself.
In partiular, it is inorret to look for exat eigenstates of the system interating with the zero-
range interation; we know that for suh an interation the ground state does not exist beause
of the ollapse. However, even for the nite-range eetive interation (for whih the ground
state does, in priniple, exist) the exat ground state is irrelevant, beause the interation has
been built to at only in the spae of Slater determinants, see Se. 4.2.
Of ourse, there is nothing magi or fundamental in the LDA to the energy density. It just
reets the fat that the nulear one-body density matrix varies on a larger sale of distanes than
does the nulear eetive interation. Validity of this approximation depends on the fundamental
assumption that the total energy an be desribed as a funtional of the one-body density matrix.
The fat that we assumed a loal eetive interation is not ruial  for non-loal interations
the diret term beomes more ompliated, but the LDA still holds [35℄. However, eetive
interations must, in fat, also depend on energy (Ses. 4.2 and 4.3), so the presented derivation
of the LDA is not omplete. One usually goes beyond the loal energy density derived from
approximations to one-body density, and one inludes also terms that depend on loal densities
in a more ompliated way, f. the density-dependent term of the Gogny interation (63).
Some people say: the LDA is just tting of parameters  it is enough to have many parameters
to t anything one wants. This point of view simply disregards the suess of the LDA in nulear
phenomenology. The eetive eld theory point of view is, in my opinion, more interesting, and
potentially more fruitful. It regards the suess of phenomenologial LDA as indiation that sales
between quark-gluon QCD interations and low-energy nulear phenomena are indeed very well
separated, and hene few numbers only are enough to dene latter in terms of the former. The
hallenge of ourse remains: to look for derivations of these few numbers by deent fundamental
theory, and to adjust these numbers to data and look for phenomena where the adjustments fail.
We nish this setion by realling the form of the HF equation (73), and that of the HF
mean-eld Hamiltonian (72), orresponding to the loal-energy-density funtional (126). Upon
variation of the energy with respet to loal densities, one obtains the HF equation (74) in spatial
oordinates,
hαψi,α(rσ) = ǫi,αψi,α(rσ), (139)
where i numbers the neutron (α=n) and proton (α=p) orbitals, and
hn = − h¯
2
2m
∆+ Γeven0 + Γ
odd
0 + Γ
even
1 + Γ
odd
1 , (140)
hp = − h¯
2
2m
∆+ Γeven0 + Γ
odd
0 − Γeven1 − Γodd1 . (141)
The isosalar (t=0) and isovetor (t=1) time-even and time-odd mean elds read
Γevent = −∇ ·Mt(r)∇+ Ut(r) + 12i
( ↔∇σ · ↔Bt (r)+ ↔Bt (r)· ↔∇σ ), (142)
Γoddt = −∇ ·
(
σ ·Ct(r)
)
∇+ σ ·Σt(r) + 12i
(
∇ · I t(r) + I t(r) ·∇
)
, (143)
where we dened the following mean-eld potentials as funtions of densities
Ut = 2C
ρ
t ρt + 2C
∆ρ
t ∆ρt + C
τ
t τt, (144)
Σt = 2C
s
t st + 2C
∆s
t ∆st + C
T
t T t, (145)
Mt = C
τ
t ρt, , (146)
Ct = C
T
t st, , (147)
↔
Bt = 2C
J
t
↔
J t, (148)
I t = 2C
j
t jt. (149)
Sine neither in the eetive interations, (125) and (133), nor in the energy density (126), we
showed the spin-orbit, tensor, or density-dependent terms, suh ontributions are not shown in
the mean elds above. The mean-eld Hamiltonian resulting from the LDA is simply given by
loal one-body potentials, with a omplete dependene on spin, and by momentum-dependent
terms that have the form of generalized eetive-mass and spin-momentum ouplings.
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